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ABSTRACT
The generalized Knizhnik-Zamolodchikov equations of irrational conformal
field theory provide a uniform description of rational and irrational conformal
field theory. Starting from the known high-level solution of these equations,
we first construct the high-level conformal blocks and correlators of all the
affine-Sugawara and coset constructions on simple g. Using intuition gained
from these cases, we then identify a simple class of irrational processes whose
high-level blocks and correlators we are also able to construct.
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1
1 Introduction
In recent years we have learned that the generic conformal field theory has irrational
central charge, even when the theory is unitary. The study of this subject is called
irrational conformal field theory (ICFT), which properly includes rational conformal field
theory (RCFT) as a small subspace,
ICFT ⊃⊃ RCFT (1.1)
where RCFT is understood here as the affine-Sugawara [1-6] and coset constructions
[1,2,7,8]. A comprehensive review of ICFT is found in Ref.[9].
The foundation of ICFT is affine Lie algebra [10,1] and the general affine-Virasoro
construction [11,12],
T = Lab ∗∗JaJb
∗
∗ (1.2)
on the currents Ja, a = 1 . . .dim g of the general affine algebra. The construction (1.2)
is summarized by the Virasoro master equation [11,12] for the inverse inertia tensor Lab,
and the system may be understood as a conformal spinning top.
The solutions of the master equation show a symmetry hierarchy [13] in ICFT,
ICFT ⊃⊃ H-invariant CFTs ⊃⊃ Lie h-invariant CFTs ⊃⊃ RCFT (1.3)
where the H-invariant CFTs, which are also generically irrational, include all theories
with a symmetry H , where H may be a finite group or a Lie group. In this hierarchy,
the RCFTs are understood as special cases of exceptionally high symmetry, with ever-
increasing symmetry breakdown to the left. The generic ICFT is completely asymmetric.
The central computational tools of the subject are the generalized Knizhnik-Zamolod-
chikov (KZ) equations of ICFT [14], which provide a unified description of rational and
irrational conformal field theory, including powerful new tools for RCFT. In particular,
the recent solution of these equations for the general coset correlators [15,16,14] appears
to be inaccessible by other methods.
Moreover, the semi-classical or high-level solution of the generalized KZ equations has
been known for some time, providing a uniform and apparently simple description of all
ICFT ⊃⊃ RCFT on simple g. The high-level solution is deceptively simple, however, be-
cause it is expressed in a Lie algebra basis, which is not the block basis in which conformal
blocks are conventionally expressed, and it is only in solving the general problem,
• Lie algebra basis → block basis
that one confronts the full complexity of the ever-increasing symmetry breakdown of
ICFT.
In this paper we begin the study of the known high-level solutions, obtaining the
high-level conformal blocks and non-chiral correlators of the simplest and most symmetric
cases.
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In particular, we will first find closed-form expressions for the high-level conformal
blocks and correlators of all the affine-Sugawara and coset constructions. Both results
are new.
Using intuition gained in this analysis, we then identify what we believe to be the
simplest and most symmetric class of correlators in ICFT, which we call
• the L(g;H)-degenerate processes in the H-invariant CFTs.
This is the set of correlators each of whose external states has completely degenerate con-
formal weights. The set includes all the affine-Sugawara correlators, a highly-symmetric
set of coset correlators and a presumably large set of irrational correlators, examples of
which are known. For this class of processes, we are also able to find general expres-
sions for the high-level conformal blocks and non-chiral correlators, and we discuss an
irrational example with octohedral symmetry in some detail.
2 The High-Level Chiral Correlators of ICFT
Our starting point is the set of high-level four-point chiral correlators of ICFT,
Y αL (y) = v¯
β
g [1l + 2L
ab
∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]βα +O(k−2) (2.1a)
Lab∞ =
P ab
2k
, a, b = 1 . . .dim g (2.1b)
on simplea compact G, where G is the Lie group whose algebra is g, and k is the level
of affine g. These correlators were conjectured in Ref.[15], derived in Ref.[16], and were
also obtained as solutions of the generalized Knizhnik-Zamolodchikov (KZ) equations of
ICFT in Ref.[14].
In what follows, we discuss the conventions, notation and concepts involved in the
result (2.1).
A. Logarithms. The variable y in (2.1a) is complex, and the logarithms in (2.1a) are
defined with natural cuts: ln y is defined for |arg(y)| < π, with its cut to the left, and
ln(1 − y) is defined for |arg(1 − y)| < π (or equivalently |arg(−y)| < π), with its cut to
the right for y > 1.
B. Inverse inertia tensors. The symmetric matrix Lab∞ in (2.1a,b) is the high-level form
L → L∞ of the inverse inertia tensor of any high-level smooth solution of the Virasoro
master equation. The matrix P ab, which must solve the relation [17,18]
P acηcdP
db = P ab (2.2)
is the high-level projector of the L theory and ηab is the Killing metric of g. The high-level
central charge of the theory is c(L∞) = rankP .
aThe chiral correlators (2.1) and the results of this paper also apply to ICFT on semisimple compact
g = ⊕IgI with kI = k, ∀ I.
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The chiral correlators (2.1) provide a uniform high-level description of the rational
and irrational conformal field theories on g, including
P abg = η
ab , P abg/h = P
ab
g − P abh (2.3)
for the affine-Sugawara and coset constructions respectively, where ηab is the inverse
Killing metric of g. More generally, the projectors P are closely related to the adjacency
matrices of graph theory [19] and generalized graph theory [20] in the partial classification
of ICFT. For example, one has [19]
Pij,kl = θik(Gn)δij,kl , 1 ≤ i < j ≤ n , 1 ≤ k < l ≤ n (2.4)
in the graph theory ansatz on SO(n), where a = (ij) is the adjoint index and θ(Gn) is the
adjacency matrix of any graph Gn of order n. The level-families classified by the graphs
and generalized graphs are generically unitary and irrational on non-negative integer
levels of the affine algebras.
C. Matrix irreps. The matrices
(T ia )αiβi , αi, βi = 1 . . .dim T i , i = 1 . . . 4 (2.5)
are irreducible matrix representations (irreps) of g, which satisfy
[Ta, Tb] = ifabcTc , a, b, c = 1 . . .dim g (2.6)
where fab
c are the structure constants of g. The labels a, β, . . . are composite indices, e.g.
α = (α1α2α3α4), and multiplication of irreps is by tensor product, so that
(1l)βα = δ
β
α ≡ δβ1α1δβ2α2δβ3α3δβ4α4 (2.7a)
(T 1a )αβ ≡ (T 1a )α1β1δβ2α2δβ3α3δβ4α4 (2.7b)
(T 1a T 2b )αβ ≡ (T 1a )α1β1(T 2b )α2β2δβ3α3δβ4α4 . (2.7c)
D. Broken affine primary fields. The chiral correlators (2.1) may be understood schemat-
ically as the high-level form of the averages
Y αL ∼ 〈Rα1L (T 1)Rα2L (T 2)Rα3L (T 3)Rα4L (T 4)〉 (2.8)
where RαL(T ), α = 1 . . .dim T is the broken affine primary field of the L theory cor-
responding to irrep T of g. The correlators are written assuming an L-basis [15] for
each T i, where the conformal weight matrix of the broken affine primary field RαiL (T i) is
diagonal,
(LabT ia T ib )αiβi = ∆αi(T i)δβiαi , ∆αi(T i) = O(k−1) . (2.9)
Fig.1 shows our conventions for the s and t-channels of the correlators, and the 13 channel
is the u-channel.
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Fig. 1. The correlators.
In ICFT, broken affine primary states are the only states whose conformal weights
are O(k−1). In the affine-Sugawara constructions, conformal weights of the form integer
plus O(k−1) are integer descendants of affine primary states, but this is not necessarily
true for the coset constructionsb and beyond, where we know only that the corresponding
states are broken affine secondary.
E. Global Ward identity. The objects v¯αg are arbitrary linear combinations of g-invariant
tensors of T 1 ⊗ · · · ⊗ T 4, which satisfy the g-global Ward identity,
v¯βg (
4∑
i=1
T ia )βα = 0 , a = 1 . . .dim g . (2.10)
F. Hermiticity. The matrix irreps Ta satisfy the hermiticity condition,
T †a = ρabTb (2.11a)
(T †a )αβ ≡ ηαρηβσ(Ta)σρ∗ (2.11b)
where star is complex conjugation and ηαβ = η
∗
αβ is the carrier space metric of irrep T .
Moreover, we will consider only unitary theories (non-negative integer level of the affine
algebra and L†(m) = L(−m)), for which the inverse inertia tensor satisfies
Lab∗ = Lcd(ρ−1)c
a(ρ−1)d
b (2.12)
and similarly for L∞. It follows that all the matrices in (2.1) are hermitean, e.g.
(2Lab∞T 1a T 2b )† = 2Lab∞T 1a T 2b (2.13)
with orthonormal, complete sets of eigenvectors and real eigenvalues.
G. SL(2, IR) gauge. The chiral correlators (2.1) are given in the 2-3 symmetric KZ gauge
[4],
Y α(y) = (
4∏
i<j
z
γij
ij )A
α(z1, z2, z3, z4) , y =
z12z34
z14z32
(2.14a)
γ12 = γ13 = 0 , γ14 = 2∆α1 , γ23 = ∆α1 +∆α2 +∆α3 −∆α4 (2.14b)
bSee for example the conformal weights of Ref.[15] under the coset construction (SU(n)k1 ×
SU(n)k2)/SU(n)k1+k2 when k1 = k2 = k.
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γ24 = −∆α1 +∆α2 −∆α3 +∆α4 , γ34 = −∆α1 −∆α2 +∆α3 +∆α4 (2.14c)
where Aα(z) are the non-invariant chiral four-point correlators.
H. Limiting behavior. For any conformal field theory in the KZ gauge, the conformal
weights ∆(s), ∆(u) and ∆(t) of the s, u and t-channel intermediate states appear in the
limiting behavior,
Y α(y) ∼


y∆(s)−∆α1(T
1)−∆α2 (T
2) , y → 0
(1− y)∆(u)−∆α1(T 1)−∆α3 (T 3) , y → 1(
1
y
)∆(t)+∆α1 (T 1)−∆α4 (T 4)
, y →∞
. (2.15)
Here, we will use these facts in the high-level form
y−∆α1(T
1)−∆α2 (T
2) = 1− [∆α1(T 1) + ∆α2(T 2)] ln y +O(k−2) (2.16)
where we have recalled that the conformal weights of the broken affine primary fields are
O(k−1).
I. High-level OPEs. In Ref.[16,14], it was shown that the high-level chiral correlators
(2.1) have physical singularities in all channels, and that the high-level fusion rules among
the broken affine primaries follow the Clebsch-Gordan coefficients of their corresponding
matrix irreps. In further detail, the high-level OPEs of the broken affine primaries can
be written schematically as
R(T 1, z)α1R(T 2, w)α2 =∑
i,αi
[C(T 1, T 2, T i) +O(k−1)]α1α2αiR(T i, w)αi
(z − w)∆α1(T 1)+∆α2 (T 2)−∆αi (T i)
+O(k−1) · (broken affine secondaries)
(2.17)
where the level-independent tensor C(T 1, T 2, T i) is proportional to the Clebsch-Gordan
coefficients and the broken affine secondaries enter only at the next order of the high-level
expansion.
Symmetry hierarchy in ICFT
The high-level correlators (2.1) provide a uniform description of all ICFT on simple
g, which is a bewildering variety [9] of theories and correlators. In this paper we make
the first attempt to identify simpler, more symmetric correlators among these varieties.
Towards this end, we remind the reader of the symmetry hierarchy [13] in ICFT,
ICFT ⊃⊃ H-invariant CFTs ⊃⊃ Lie h-invariant CFTs ⊃⊃ RCFT (2.18)
which organizes the space of ICFTs on G according to the residual symmetry group H ⊂
G of the theory. As seen in this hierarchy, the generic ICFT has no residual symmetry
groupc, and these generic theories are expected to be the most complex. Consequently,
we focus here on the theories with a symmetry, which are also generically irrational.
cIn the graph theory ansatz [19] on SO(n), whose high-level projectors are given in (2.4), this
corresponds to the fact that the generic graph has no symmetry.
6
The set of all ICFTs with a non-trivial symmetry group H (which may be a discrete
subgroup of G or a Lie subgroup) is called the set of H-invariant CFTs. Among the
H-invariant CFTs, the subspace of theories with a Lie symmetry is called the set of Lie
h-invariant CFTs, where h ⊂ g. This subspace includes the affine-Sugawara and coset
constructions as a much smaller subspace.
When a theory L is an H-invariant CFT, the correlators (2.1) also satisfy the global
H-invariance condition,
YHΩ(H) = YH , Ω(H) ∈ G , Ω(H)αβ =
4∏
i=1
Ω(H, T i)αiβi (2.19)
where Ω(H, T i)αiβi is the subgroup H in matrix irrep T i. When the theory is a Lie
h-invariant CFT, the condition (2.19) reduces to the h-global Ward identity
YLieh
4∑
i=1
T ia = 0 , a = 1 . . .dimh (2.20)
which applies for example in the cases of the affine-Sugawara construction (with h = g)
and the g/h coset constructions.
For the affine-Sugawara and g/h coset constructions, it is known [4,15] that the res-
olution of chiral correlators into conformal blocks is a basis change from the Lie algebra
basis to the block basis, using the h-invariant tensors defined by (2.20). More generally,
one expects that the H-invariant tensors defined by (2.19) will play an analogous role in
finding the block bases of the H-invariant CFTs.
3 The Affine-Sugawara Constructions
3.1 The affine-Sugawara blocks
The simplest and most symmetric conformal field theories are the affine-Sugawara con-
structions [1-6] on G, whose high-level correlators are described by (2.1) with
Labg,∞ =
ηab
2k
(3.1a)
Yg(y)
4∑
i=1
T ia = 0 , a = 1 . . .dim g (3.1b)
where P abg = η
ab is the inverse Killing metric of g. In this case, the correlators (2.1) are
the high-level solutions of the KZ equations [3,4] for any correlator on simple g.
We begin by defining the s-channel block basis of g-invariants v(s, g)m as the solutions
of the simultaneous eigenvalue problem and g-global condition
(2Labg,∞T 1a T 2b )αβv(s, g)mβ = (∆g(s)(m)−∆g(T 1)−∆g(T 2))v(s, g)mα (3.2a)
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4∑
i=1
(T ia )αβv(s, g)mβ = 0 , a = 1 . . .dim g . (3.2b)
The g-global condition (3.2b) is compatible with the eigenvalue problem because the
generators
∑4
i=1 T ia commute with Labg T 1a T 2b . Here ∆g(T i), i = 1, 2 are the high-level
forms of the conformal weights of external affine primary states,
∆αi(T i)|L=Lg = ∆g(T i) =
I(T i)
x+ h˜
=
I(T i)
x
+O(x−2) (3.3a)
x =
2k
ψ2g
(3.3b)
where ψg, h˜, I(T ) and x are respectively the highest root and dual Coxeter number of
g, the invariant Casimir of irrep T and the invariant level of the affine algebra. The
high-level form of the relation
2Labg T 1a T 2b = Labg (T 1a + T 2a )(T 1b + T 2b )− (∆g(T 1) + ∆g(T 2))1l (3.4)
tells us that the quantities in (3.2a)
∆g(s)(m) ≡ ∆g(T m) (3.5)
are the high-level conformal weights of an irrep T m in T 1 ⊗ T 2, hence the conformal
weights of affine primary states exchanged in the s-channel. The dual eigenvalue problem
is
v¯(s, g)βm(2L
ab
g,∞T 1a T 2b )βα = v¯(s, g)αm(∆g(s)(m)−∆g(T 1)−∆g(T 2)) (3.6a)
v¯(s, g)βm
4∑
i=1
(T ia )βα = 0 , a = 1 . . .dim g (3.6b)
where v¯(s, g)αm = v(s, g)
m
β
∗ηβα and ηαβ =
∏4
i=1 ηαiβi is the product of the carrier space
metrics.
Because 2Labg,∞T 1a T 2b is hermitean we know that the eigenvectors are orthonormal and
complete,
v¯(s, g)mv(s, g)
n = δnm , v(s, g)
m
α v¯(s, g)
β
m = (Ig)
β
α (3.7)
where Ig is the projector onto the G-invariant subspace of T 1 ⊗ · · · ⊗ T 4. The relation
[Labg,∞T iaT jb , Ig] = 0 , 1 ≤ i, j ≤ 4 (3.8)
also holds on the G-invariant subspace defined by (3.2). An explicit solution to the
eigenvalue problem and global condition in (3.2) is known [16]
v¯(s, g)αm =
∑
αrαr¯
w¯s(r, ξ)
α1α2αrw¯s(r¯, ξ
′)α3α4αr¯ηαrαr¯ , m = (r, ξ, ξ
′) (3.9a)
w¯s(r, ξ)
β1β2βr(T 1a + T 2a + T ra )β1β2βrα1α2αr = 0 , a = 1 . . .dim g (3.9b)
w¯s(r, ξ)
β1β2αr [2Labg,∞T
1
aT 2b ]β1β2α1α2 = w¯s(r, ξ)α1α2αr [∆g(T r)−∆g(T 1)−∆g(T 2)] (3.9c)
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where w¯s(r, ξ)
αiαjαr are the Clebsch-Gordan coefficients of T i⊗T j into irrep T r, ξ labels
copies of the same irrep T r and r¯ is the conjugate representation of r. Using (3.9), it is
easy to check directly that ∆g(s)(m) = ∆
g(T m) in (3.2a) is the conformal weight of irrep
m under the affine-Sugawara construction.
As an explicit example, one finds for nn¯n¯n correlators on SU(n) that the invariant
tensors (3.9) are
v¯(s, SU(n))αV = v(s, SU(n))
V
α =
1
n
δα1α2δα3α4 (3.10a)
v¯(s, SU(n))αA = v(s, SU(n))
A
α =
1√
n2 − 1[δα1α3δα2α4 −
1
n
δα1α2δα3α4 ] (3.10b)
where V and A are vacuum and adjoint. This is the original example [4] considered by
Knizhnik and Zamolodchikov, although our Clebsch basis (3.9), (3.10) is slightly different
than theirs (see Appendix B).
From (2.1),(3.1) and the completeness relation (3.7), we use eigenvector expansions
to define the s-channel conformal blocks F (s)g (y) of the affine-Sugawara construction
v¯αg =
∑
m
d(s)mv¯(s, g)αm (3.11a)
Y αg (y) =
∑
m,n
d(s)mF (s)g (y)mnv¯(s, g)αn (3.11b)
F (s)g (y)mn = v¯(s, g)m[1l + 2Labg,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]v(s, g)n +O(k−2) (3.11c)
as the coefficients of the chiral correlators expanded in the block basis. Here, d(s)m are
a set of undetermined constants.
To study the small y behavior of the s-channel blocks, we rearrange (3.11c) as follows,
F (s)g (y)mn = v¯(s, g)m[1l + 2Labg,∞T 1a T 2b ln y][1l + 2Labg,∞T 1a T 3b ln(1− y)]v(s, g)n +O(k−2)
(3.12a)
= [1 + (∆g(s)(m)−∆g(T 1)−∆g(T 2)) ln y]
× v¯(s, g)m[1l + 2Labg,∞T 1a T 3b ln(1− y)]v(s, g)n +O(k−2)
(3.12b)
= y
∆g
(s)
(m)−∆g(T 1)−∆g(T 2)

δnm − c(s, g)mn
∞∑
p=1
yp
p

+O(k−2) (3.12c)
c(s, g)m
n = v¯(s, g)m2L
ab
g,∞T 1a T 3b v(s, g)n (3.12d)
where we have used the dual eigenvalue problem (3.6a) to obtain (3.12b) and the high-
level relation (2.16) to obtain (3.12c). We note in particular that the eigenvector resolu-
tion correctly guarantees that each block has a unique leading singularity,
F (s)g (y)mn ∼y→0 Γ
(s)
g (m,n)y
∆g
(s)
(m,n)−∆g(T 1)−∆g(T 2)
+O(k−2) (3.13a)
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∆g(s)(m,n) =
{
∆g(s)(m) +O(k−2) , n = m
1 +O(k−1) , n 6= m (3.13b)
Γ(s)g (m,n) =
{
1 +O(k−2) , n = m
−c(s, g)mn +O(k−2) , n 6= m
(3.13c)
labelled by m and n, which is followed by integer-spaced secondaries from ln(1− y). Ac-
cording to eqs.(2.15) and (3.13), the leading singularities of the n = m blocks correspond
to the s-channel exchange of affine primary states, with residue Γg(m,m) = O(k0), while
the leading singularities of the n 6= m blocks are affine secondaries, with Γg(m,n 6= m) =
O(k−1). This pattern is in agreement with the general OPE (2.17). Beyond the leading
residues, diagonal blocks begin at O(k0) and off-diagonal blocks begin at O(k−1).
If c(s, g)m
n = 0 for some n 6= m, then this block begins at O(k−2), and we obtain no
information beyond this fact in our approximation. Although we are not aware of any
examples of this phenomenon among the affine-Sugawara blocks, examples do occur in
the coset constructions and irrational processes (see Appendix D and Section 6).
We also note that, although we have solved the generalized KZ equations through
O(k−1), we are not able to determine the O(k−1) part of the n 6= m conformal weights
in this approximation. Of course, under the affine-Sugawara constructions all conformal
weights have the form ∆g(T )+integer, so we can guess the exact result
∆g(s)(m,n) = ∆
g
(s)(m) + 1− δm,n , ∀ m,n (3.14)
for the conformal weights of the blocks, which we believe to be correct (see Appendix B).
To define block bases for the other channels, we also introduce the u and t-channel
g-invariants as solutions to their corresponding eigenvalue problems,
2Labg,∞T 1a T 3b v(u, g)m = (∆g(u)(m)−∆g(T 1)−∆g(T 3))v(u, g)m (3.15a)
2Labg,∞T 2a T 3b v(t, g)m = (∆g(t)(m)−∆g(T 2)−∆g(T 3))v(t, g)m (3.15b)
(
4∑
i=1
T ia )v(u, g)m = (
4∑
i=1
T ia )v(t, g)m = 0 , a = 1 . . .dim g (3.15c)
v¯(u, g)mv(u, g)
n = v¯(t, g)mv(t, g)
n = δnm (3.15d)
v(u, g)mv¯(u, g)m = v(t, g)
mv¯(t, g)m = Ig . (3.15e)
Here
∆g(u)(m) ≡ ∆g(T m) , ∆g(t)(m′) ≡ ∆g(T m
′
) (3.16)
are the high-level (affine-primary) conformal weights under the affine-Sugawara construc-
tion of irreps T m and T m′ in T 1 ⊗ T 3 and T 2 ⊗ T 3 respectively. Explicit forms of the
u and t-channel invariants are obtained formally by a 2 ↔ 3 and a 2 ↔ 4 interchange
respectively in eq.(3.9).
In analogy to the s-channel blocks F (s)g in eq.(3.11), we define the u-channel blocks
F (u)g using the corresponding u-channel invariants,
Yg(y) =
∑
m,n
d(u)mF (u)g (y)mnv¯(u, g)n (3.17a)
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F (u)g (y)mn = v¯(u, g)m[1l + 2Labg,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]v(u, g)n +O(k−2) (3.17b)
= (1− y)∆g(u)(m)−∆g(T 1)−∆g(T 3)

δnm − c(u, g)mn
∞∑
p=1
(1− y)p
p

+O(k−2) (3.17c)
c(u, g)m
n = v¯(u, g)m2L
ab
g,∞T 1a T 2b v(u, g)n . (3.17d)
The expansion (3.17c) is obtained from (3.17b) following steps analogous to those in
(3.12). The limiting behavior of the u-channel blocks
F (u)g (y)mn ∼y→1 Γ
(u)
g (m,n)(1− y)∆
g
(u)
(m,n)−∆g(T 1)−∆g(T 3)
+O(k−2) (3.18a)
∆g(u)(m,n) =
{
∆g(u)(m) +O(k−2) , n = m
1 +O(k−1) , n 6= m (3.18b)
Γ(u)g (m,n) =
{
1 +O(k−2) , n = m
−c(u, g)mn +O(k−2) , n 6= m
(3.18c)
(followed by integer-spaced secondaries) is easily read from (3.17c). As seen above for the
s-channel blocks, the diagonal u-channel blocks show affine primary conformal weights
with residue O(k0), while the off-diagonal blocks show integer descendants of affine pri-
maries, and we are again unable to determine the O(k−1) part of the off-diagonal con-
formal weights.
Analytic blocks
It is clear from the discussion above that the s and u-channel blocks F (s)g and F (u)g are
high-level forms of analytic blocks, but identification of the analytic t-channel blocks is
more subtle. We begin by defining the preliminary t-channel blocks F (t)g as the coefficients
in the t-channel eigenbasis
Yg(y) =
∑
m,n
d(t)mF (t)g (y)mnv¯(t, g)n (3.19a)
F (t)g (y)mn = v¯(t, g)m[1l + 2Labg,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]v(t, g)n +O(k−2) (3.19b)
in parallel with our expansions above for the s and u-channels.
We must next consider continuation of the logarithms to the t-channel, for which we
use the following two rules
ln(1− y) = ln(−y) + ln
(
1− 1
y
)
, |arg(−y)| < π (3.20a)
ln y = ln(−y)− iπsign(arg(−y)) (3.20b)
throughout this paper. The left side of (3.20b) is defined for |arg(y)| < π (so that ln y
has its cut is to the left), while the right side of (3.20b) is defined for |arg(−y)| < π (so
that ln(−y) has its cut to the right).
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In the finite-level example of Appendix B, the relation (3.20b) is used in the equivalent
form
yν = (−y)ν exp[−iπνsign(arg(−y))] (3.21)
to continue singular s-channel factors to the t-channel. The non-analytic phase in (3.20b)
and (3.21) is therefore associated to operator ordering in the four-point Green function, as
discussed in Ref.[21]. The continuation (3.20a) is also seen in the example of Appendix B
as the high-level limit of well-known continuation formulae for hypergeometric functions.
We must therefore factor the non-analytic phase out of the preliminary t-channel
blocks to obtain the analytic t-channel blocks. More precisely, we define
F (t)g (y)mn = Fˆ (t)g (y)mpUg(y)pn , Fˆ (t)g (y)mn = F (t)g (y)mp(Ug(y)−1)pn (3.22a)
Ug(y)p
n = v¯(t, g)p exp[−2πiLabg,∞T 1a T 2b sign(arg(−y))]v(t, g)n +O(k−2)
= δnp − iπc′(t, g)pnsign(arg(−y)) +O(k−2)
(3.22b)
(Ug(y)
−1)p
n = v¯(t, g)p exp[2πiL
ab
g,∞T 1a T 2b sign(arg(−y))]v(t, g)n +O(k−2)
= δnp + iπc
′(t, g)p
nsign(arg(−y)) +O(k−2)
(3.22c)
c′(t, g)p
n = v¯(t, g)p2L
ab
g,∞T 1a T 2b v(t, g)n (3.22d)
Ug(y
∗) = Ug(y)
−1 , Ug(y)
† = Ug(y)
−1 (3.22e)
where Fˆ (t)g (y) are the analytic t-channel blocks and Ug(y)mn is the non-analytic unitary
phase matrix of the affine-Sugawara constructions (unitary because the sign function is
real). Then we find the explicit form of the analytic t-channel blocks,
Fˆ (t)g (y)mn = v¯(t, g)m[1l+2Labg,∞(T 1a [T 2b +T 3b ] ln(−y)+T 1a T 3b ln
(
1− 1
y
)
)]v(t, g)n+O(k−2)
(3.23a)
= v¯(t, g)m[1l− (2Labg,∞T 2a T 3b +
3∑
i=1
∆g(T i)−∆g(T 4)) ln(−y)]
×[1l + 2Labg,∞T 1a T 3b ln
(
1− 1
y
)
]v(t, g)n +O(k−2)
(3.23b)
= (−y)−∆g(t)(m)−∆g(T 1)+∆g(T 4)

δnm − c(t, g)mn
∞∑
p=1
(
1
y
)p
1
p

+O(k−2) (3.23c)
c(t, g)m
n = v¯(t, g)m2L
ab
g,∞T 1a T 3b v(t, g)n . (3.23d)
To obtain (3.23b), we have used the identity
v¯(t, g)m[2L
ab
g,∞(T 1a T 2b + T 2a T 3b + T 3a T 1b )− γg1l] = 0 (3.24a)
γg = ∆
g(T 4)−∆g(T 1)−∆g(T 2)−∆g(T 3) (3.24b)
which follows from the g-global Ward identity (3.15c).
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From (3.23c) we read the limiting behavior of the analytic t-channel blocks
Fˆ (t)g (y)mn ∼y→∞ Γ
(t)
g (m,n)(−y)−∆
g
(t)
(m,n)−∆g(T 1)+∆g(T 4)
+O(k−2) (3.25a)
∆g(t)(m,n) =
{
∆g(t)(m) +O(k−2) , n = m
1 +O(k−1) , n 6= m (3.25b)
Γ(t)g (m,n) =
{
1 +O(k−2) , n = m
−c(t, g)mn +O(k−2) , n 6= m
(3.25c)
and the remarks below (3.13) apply in this case as well. In particular, one might guess
the exact u and t-channel results
∆g(u)(m,n) = ∆
g
(u)(m) + 1− δm,n , ∀ m,n (3.26a)
∆g(t)(m,n) = ∆
g
(t)(m) + 1− δm,n , ∀ m,n (3.26b)
which are in agreement with the KZ example in Appendix B.
In what follows, we introduce a unified notation ρ = s, t, u for the three channels and
their corresponding blocks (F (ρ)g )mn,
v¯(ρ, g)mv(ρ, g)
n = δnm , v(ρ, g)
m
α v¯(ρ, g)
β
m = (Ig)
β
α (3.27a)
Yg(y) =
∑
m,n
d(ρ)mF (ρ)g (y)mnv¯(ρ, g)n , ρ = s, t, u (3.27b)
F (ρ)g (y)mn = v¯(ρ, g)m[1l + 2Labg,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]v(ρ, g)n +O(k−2) (3.27c)
(F (ρ)g (y)mn)∗ = F (ρ)g (y∗)nm (3.27d)
where the last relation follows by unitarity, that is, hermiticity of the basic matrices in
the correlators.
We finally note that the number Bg of affine-Sugawara blocks in each of the channels,
Bg = (dg)
2 (3.28)
is equal to the square of the dimension dg of the g-invariants in any channel.
For the special case of the 33¯3¯3 correlator on SU(3), Appendix B provides a check of
our high-level blocks against the finite-level blocks obtained by Knizhnik and Zamolod-
chikov [4] in this case.
Crossing relations
Using completeness of the three sets of eigenvectors, one finds that the three sets of
blocks are related by the crossing relations,
F (ρ)g (y)mn = [Xg(ρσ) +O(k−2)]mp F (σ)g (y)pq ([Xg(ρσ) +O(k−2)]−1)qn (3.29a)
= Xg(ρσ)m
pF (σ)g (y)pqX−1g (ρσ)qn +O(k−2) , ρ, σ = s, t, u (3.29b)
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Xg(ρσ)m
n = v¯(ρ, g)mv(σ, g)
n (3.29c)
X−1g (ρσ)m
n = Xg(σρ)m
n = (Xg(ρσ)n
m)∗ (3.29d)
where ρ 6= σ and we call Xg(ρσ) in (3.29c) the crossing matrix from channel σ to channel
ρ. The last relation (3.29d) says that the crossing matrices Xg(ρσ)m
n are unitary X†g =
X−1g for each ρ 6= σ, and the crossing matrices explicitly satisfy the consistency relations
Xg(ρσ)Xg(στ)Xg(τρ) = Xg(ρτ)Xg(τσ)Xg(σρ) = 1 (3.30a)
(1)m
n = δnm (3.30b)
which says that we return to the same blocks when we go around an s,t,u cycle.
In the special case when T 2 ∼ T 3, the conformal weights exchanged in the u-channel
are the same as in the s-channel. In further detail, we have
Labg,∞(T 1a T 3b )αβ = Labg,∞(T 1a T 2b )α′β
′
(3.31)
in this case, where α′ = (α1α3α2α4) and similarly for β
′. Then we may identify the
g-invariants of the u-channel in terms of those of the s-channel
v(u, g)mα = v(s, g)
m
α′ , v¯(u, g)
α
m = v¯(s, g)
α′
m (3.32)
where m = (r, ξ, ξ′) is the same irrep T r in both channels. It follows from (3.17b), (3.31)
and (3.29c) that
Xg(su)
−1 = Xg(su) , Xg(su)
2 = 1 (3.33a)
Xg(us)
−1 = Xg(us) , Xg(us)
2 = 1 (3.33b)
F (u)g (y)mn = F (s)g (1− y)mn . (3.33c)
Then, using (3.33) in (3.29b), one finds that the s-channel affine-Sugawara blocks close
under s-u crossing,
F (s)g (1− y)mn = [Xg(su) +O(k−2)]mp F (s)g (y)pq [Xg(su) +O(k−2)]qn (3.34)
as they should in this case.
In the special case when all four representations are the same, one finds that the
unitary crossing matrices are also idempotent X(ρσ)2 = 1 and hence X(ρσ) = X(σρ) for
all ρ 6= σ: then, the Yang-Baxter-like relation
Xg(ρσ)Xg(στ)Xg(τρ) = Xg(τρ)Xg(στ)Xg(ρσ) = 1 (3.35)
follows from the consistency relations (3.30).
Using (3.29b) and (3.22a), we finally write down the crossing relations among all three
sets F (s)g , F (u)g , Fˆ (t)g of analytic affine-Sugawara blocks,
F (s)g = [Xg(su) +O(k−2)]F (u)g [Xg(su) +O(k−2)]−1 (3.36a)
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F (u)g = [Xg(us) +O(k−2)]F (s)g [Xg(us) +O(k−2)]−1 (3.36b)
F (s)g = [Xg(st) +O(k−2)] Fˆ (t)g [Xg(st)U−1g +O(k−2)]−1 (3.36c)
Fˆ (t)g = [Xg(ts) +O(k−2)]F (s)g [UgXg(ts) +O(k−2)]−1 (3.36d)
F (u)g = [Xg(ut) +O(k−2)] Fˆ (t)g [Xg(ut)U−1g +O(k−2)]−1 (3.36e)
Fˆ (t)g = [Xg(tu) +O(k−2)]F (u)g [UgXg(tu) +O(k−2)]−1 (3.36f)
where Ug is the non-analytic unitary phase matrix (3.22b) of the affine-Sugawara con-
structions. It is known [21] that the crossing matrices of analytic blocks involve non-
analytic factors, and we remark that, according to eqs. (3.22b) and (3.29c), the phase
matrix provides the entire O(k−1) corrections to the full crossing matrices in (3.36).
3.2 Non-chiral WZW correlators
To construct a set of high-level non-chiral WZW correlators from the affine-Sugawara
blocks, we take the diagonal construction in the s-channel blocks (3.11c),
Yg(y
∗, y)α
β =
∑
m,n,p
(F (s)g (y)pm)∗F (s)g (y)pn v(s, g)mα v¯(s, g)βn +O(k−2) (3.37a)
=
∑
m,n
v(s, g)mα [F (s)g (y∗)F (s)g (y)]mnv¯(s, g)βn +O(k−2) (3.37b)
which shows trivial monodromy around y = 0. These correlators satisfy the high-level
forms of the holomorphic and anti-holomorphic KZ equations, and the corresponding
g-global conditions on the left and the right. In the special case of the nn¯n¯n correla-
tor on SU(n), they also agree with the diagonal construction studied by Knizhnik and
Zamolodchikov in [4].
To see that these correlators have trivial monodromy around y = 1 and y = ∞, one
uses the crossing relations (3.29) of the affine-Sugawara blocks to rewrite the correlator
(3.37) in the two alternate forms
Yg(y
∗, y)α
β =
∑
m,n
v(u, g)mα [F (u)g (y∗)F (u)g (y)]mn v¯(u, g)βn +O(k−2) (3.38a)
=
∑
m,n
v(t, g)mα [F (t)g (y∗)F (t)g (y)]mn v¯(t, g)βn +O(k−2) (3.38b)
where the u and t-channel blocks are given in (3.17b) and (3.19b).
We can also express the t-channel form (3.38b) in terms of the analytic t-channel
blocks (3.23),
Yg(y
∗, y)α
β =
∑
m,n
v(t, g)mα [Fˆ (t)g (y∗)Ug(y∗)Fˆ (t)g (y)Ug(y)]mn v¯(t, g)βn +O(k−2) (3.39a)
=
∑
m,n
v(t, g)mα [Fˆ (t)g (y)Ug(y∗)Ug(y)Fˆ (t)g (y)]mn v¯(t, g)βn +O(k−2) (3.39b)
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=
∑
m,n
v(t, g)mα [Fˆ (t)g (y∗)Fˆ (t)g (y)]mn v¯(t, g)βn +O(k−2) (3.39c)
where we have used the fact that
[A,B] = O(k−2) when A,B = 1l +O(k−1) (3.40)
and the first property in (3.22e) of the phase matrix Ug.
Using completeness and the form (3.11c) of the affine-Sugawara blocks, we also find
the summed form of the non-chiral WZW correlators
Yg(y
∗, y)α
β =
{
[1l + 2Labg,∞(T 1a T 2b ln y∗ + T 1a T 3b ln(1− y∗))]Ig
×[1l + 2Labg,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]
}
α
β +O(k−2)
(3.41a)
= {[1l + 2Labg,∞(T 1a T 2b ln |y|2+ T 1a T 3b ln |1− y|2)]Ig}αβ +O(k−2) (3.41b)
where Ig is the projector (3.7) onto the G-invariant subspace of T 1 ⊗ · · · ⊗ T 4, and we
have used eq.(3.8) to obtain the second form, which explicitly shows two of the trivial
monodromies. The third trivial monodromy, around y = ∞, also follows immediately
because both terms in (3.41b) are proportional to |y| at large y. The correct t-channel
singularities are then obtained by an application of the g-global Ward identity (3.24),
using Ig in the form (3.15e).
Using the g-crossing matrices (3.29c), Appendix A gives alternate expressions for the
g-blocks (3.27), the analytic t-channel g-blocks (3.23) and the g-correlators (3.37)
4 The Coset Constructions
4.1 The coset blocks
The next simplest, and next most symmetric, set of conformal field theories are the g/h
coset constructions [1,2,7,8], whose chiral correlators are defined by (2.1) with
Labg/h,∞ =
P abg/h
2k
, Pg/h = Pg − Ph (4.1a)
Yg/h(y)
4∑
i=1
T ia = 0 , a = 1 . . .dimh (4.1b)
where h ⊂ g. These correlators are the high-level solutions of the general coset equations
of Refs.[15,16,14] on simple g, and the results below are the high-level form of the general
coset blocks studied in [22,15,16,14].
We begin by reorganizing the high-level coset correlators (2.1) as,
Y αg/h(y) = {v¯g [1l + 2Labg,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]
×[1l− 2Labh,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]
}α
+O(k−2)
(4.2)
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where we have used (4.1a) and moved the terms of the h theory to the right.
To define the ρ=s, t and u-channel coset blocks, we need the g-invariant eigenvec-
tors v(ρ, g)m, v¯(ρ, g)m of Section 3, and also the corresponding h-invariant eigenvectors
ψ(ρ, h),
2Labh,∞T 1a T 2b ψ(s, h)M = (∆h(s)(M)−∆hM1(T 1)−∆hM2(T 2))ψ(s, h)M (4.3a)
2Labh,∞T 1a T 3b ψ(u, h)M = (∆h(u)(M)−∆hM1(T 1)−∆hM3(T 3))ψ(u, h)M (4.3b)
2Labh,∞T 2a T 3b ψ(t, h)M = (∆h(t)(M)−∆hM2(T 2)−∆hM3(T 3))ψ(t, h)M (4.3c)
Labh,∞T ia T ib ψ(ρ, h)M = ∆hMi(T i)ψ(ρ, h)M , i = 1 . . . 4 , ρ = s, t, u (4.3d)
(
4∑
i=1
T ia )ψ(ρ, h)M = 0 , a = 1 . . .dimh , ρ = s, t, u (4.3e)
whose properties parallel those of the g-invariants. In particular, the eigenvalue problems
(4.3a-c) are compatible with the diagonalization of the h conformal weights in (4.3d)
because the matrices Labh T ia T jb and Labh T ia T ib commute. The h-global Ward identities
(4.3e) are also compatible with the eigenvalue problems, whose matrices are h-invariant.
It then follows from the high-level form of the relation
2Labh T iaT jb = Labh (T ia + T ja )(T ib + T jb )− (Labh T ia T ib + Labh T ja T jb ) , 1 ≤ i < j ≤ 4 (4.4)
that the quantities ∆h(ρ)(M) in (4.3a-c) are the high-level forms of the broken conformal
weights of h-irreps in the ρ-channel (that is, the decomposition of T ⊗ T ′ into h-irreps).
The h-invariant eigenvectors also satisfy completeness and orthonormality,
ψ¯(ρ, h)Mψ(ρ, h)
N = δNM , ψ(ρ, h)
M ψ¯(ρ, h)M = Ih , ρ = s, t, u (4.5a)
[Labh,∞T iaT jb , Ih] = 0 , 1 ≤ i, j ≤ 4 (4.5b)
where Ih is the projection operator onto the h-invariant subspace of T 1 ⊗ · · · ⊗ T 4.
As an explicit example, we give the solution for the U(1)-invariant s-channel eigen-
vectors of the coset correlator
(T 1, T 2, T 3, T 4) = (j1, j2, j3, j4) in SU(2)
U(1)
. (4.6)
In this case we need
LabU(1),∞ =
δa3δ
b
3
2k
, T i3 =
√
ψ2g


ji 0
. . .
0 −ji

 (4.7)
where ψ2g is the SU(2) root length squared and we have taken the usual magnetic quantum
number basis for the matrices, with αi = Mi, |Mi| ≤ ji. The solution of the eigenvalue
problem (4.3a) is then
ψ(s, U(1))Mα = δ
M
α δ(
4∑
i=1
Mi = 0) , M = (M1,M2,M3,M4) (4.8a)
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∆
U(1)
(s) (M) =
(M1 +M2)
2
x
, ∆
U(1)
Mi
(T i) = M
2
i
x
, i = 1 . . . 4 (4.8b)
where x = 2k/ψ2g is the invariant level of g = SU(2). For more general coset correlators
the eigenvectors ψ(s, h) are squares of products of Clebsch-Gordan coefficients times
Clebsch-Gordan coefficients for branching of g-irreps into h-irreps [23].
Using completeness of v(g), v¯(g) and ψ(h), ψ¯(h), we have [15,16,14]
v¯αg =
∑
m
d(ρ)mv¯(ρ, g)αm (4.9a)
Y αg/h(y) =
∑
m,M
d(ρ)mC(ρ)g/h(y)mM ψ¯(ρ, h)αM (4.9b)
where C(ρ)g/h(y) are the coset blocks. Further use of completeness gives the explicit form
of the high-level coset blocks
C(ρ)g/h(y)mM = F (ρ)g (y)mne(ρ, g/h)nN(F (ρ)h (y)−1)NM , ρ = s, t, u (4.10a)
F (ρ)h (y)NM = ψ¯(ρ, h)N [1l+2Labh,∞(T 1a T 2b ln y+T 1a T 3b ln(1−y))]ψ(ρ, h)M+O(k−2) (4.10b)
(F (ρ)h (y)−1)NM = ψ¯(ρ, h)N [1l− 2Labh,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]ψ(ρ, h)M +O(k−2)
(4.10c)
e(ρ, g/h)n
N = v¯(ρ, g)nψ(ρ, h)
N (4.10d)
where F (ρ)g are the ρ-channel g-blocks (of the affine-Sugawara construction on g) given
in eq.(3.27), and e(ρ, g/h) is the embedding matrix of the g-invariants v(g) in the h-
invariants ψ(h). The inverse h blocks F−1h are the inverse of the h blocks Fh. In Ref.[15],
the exact coset blocks were written as (Cg/h)mM = (Fg)mn(F−1h )nM , where (F−1h )nM =
e(g/h)n
N (F−1h )NM in the present notation.
The s and u-channel coset blocks in (4.10) are high-level forms of analytic blocks,
as above. To obtain the analytic t-channel coset blocks, we first use the continuation
formulae (3.20) to find the analytic t-channel h blocks Fˆ (t)h and their inverse,
Fˆ (t)h (y)NM = ψ¯(t, h)N [1l + 2Labh,∞(T 1a [T 2b + T 3b ] ln(−y) + T 1a T 3b ln
(
1− 1
y
)
)]ψ(t, h)M
+O(k−2)
(4.11a)
(Fˆ (t)h (y)−1)NM = ψ¯(t, h)N [1l− 2Labh,∞(T 1a [T 2b + T 3b ] ln(−y) + T 1a T 3b ln
(
1− 1
y
)
)]ψ(t, h)M
+O(k−2)
(4.11b)
F (t)h (y) = Fˆ (t)h (y)Uh(y) , Fˆ (t)h (y) = F (t)h (y)Uh(y)−1 (4.11c)
Uh(y)M
N = ψ¯(t, h)M exp[−2πiLabh,∞T 1a T 2b sign(arg(−y))]ψ(t, h)N +O(k−2) (4.11d)
Uh(y
∗) = Uh(y)
−1 , Uh(y)
† = Uh(y)
−1 (4.11e)
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whose form closely parallels that of the analytic t-channel blocks Fˆ (t)g in (3.23a). Here
Uh(y) is the non-analytic unitary phase matrix of the h blocks embedded in g. Then we
may rearrange the t-channel coset blocks as follows,
C(t)g/h(y) = Fˆ (t)g (y)Ug(y)e(t, g/h)Uh(y)−1Fˆ (t)h (y)−1 (4.12a)
= Fˆ (t)g (y)e(t, g/h)Ug(y)Uh(y)−1Fˆ (t)h (y)−1 (4.12b)
= [Fˆ (t)g (y)e(t, g/h)Fˆ (t)h (y)−1] [Ug(y)Uh(y)−1] (4.12c)
where we have used the fact that
Ug(y)m
pe(t, g/h)p
M = e(t, g/h)m
PUg(y)P
M (4.13a)
Ug(y)P
M ≡ ψ¯(t, h)P exp[−2πiLabg,∞T 1a T 2b sign(arg(−y))]ψ(t, h)M +O(k−2) (4.13b)
in the second step and the commutation identity (3.40) in the last step.
From (4.12c), we read the form and properties of the analytic t-channel coset blocks
Cˆ(t)g/h(y),
Cˆ(t)g/h(y) = Fˆ (t)g (y)e(t, g/h)Fˆ (t)h (y)−1 (4.14a)
C(t)g/h(y) = Cˆ(t)g/h(y)Ug/h(y) , Cˆ(t)g/h(y) = C(t)g/h(y)Ug/h(y)−1 (4.14b)
Ug/h(y)M
N = Ug(y)M
P (Uh(y)
−1)P
N
= ψ¯(t, h)M exp[−2πiLabg/h,∞T 1a T 2b sign(arg(−y))]ψ(t, h)N +O(k−2)
(4.14c)
Ug/h(y
∗) = Ug/h(y)
−1 , Ug/h(y)
† = Ug/h(y)
−1 (4.14d)
where Ug/h(y) is the non-analytic unitary phase matrix of the g/h coset constructions.
The limiting behavior of the analytic coset blocks C(s)g/h, C(u)g/h, Cˆ(t)g/h follows from their
form in (4.10a) and (4.14a), together with the results above for g and h,
C(s)g/h(y)mM ∼y→0 Γ
(s)
g/h(m,M)y
∆
g/h
(s)
(m,M)−∆
g/h
M1
(T 1)−∆
g/h
M2
(T 2)
+O(k−2) (4.15a)
C(u)g/h(y)mM ∼y→1 Γ
(u)
g/h(m,M)(1− y)∆
g/h
(u)
(m,M)−∆
g/h
M1
(T 1)−∆
g/h
M3
(T 3)
+O(k−2) (4.15b)
Cˆ(t)g/h(y)mM ∼y→∞ Γ
(t)
g/h(m,M)(−y)−∆
g/h
(t)
(m,M)−∆
g/h
M1
(T 1)+∆
g/h
M4
(T 4)
+O(k−2) (4.15c)
∆
g/h
Mi
(T i) = ∆g(T i)−∆hMi(T i) , i = 1 . . . 4 (4.15d)
∆
g/h
(ρ) (m,M) =
{
∆g(ρ)(m)−∆h(ρ)(M) +O(k−2) , e(ρ, g/h)mM 6= 0 (4.15e)
1 +O(k−1) , e(ρ, g/h)mM = 0 (4.15f)
Γ
(ρ)
g/h(m,M) =
{
e(ρ, g/h)m
M +O(k−2) , e(ρ, g/h)mM 6= 0 (4.15g)
−e(ρ, g/h)mNc(ρ, g/h)NM +O(k−2) , e(ρ, g/h)mM = 0 (4.15h)
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where the matrices c(ρ, g/h)
c(s, g/h)N
M = ψ¯(s, h)N2L
ab
g/h,∞T 1a T 3b ψ(s, h)M (4.16a)
c(u, g/h)N
M = ψ¯(u, h)N2L
ab
g/h,∞T 1a T 2b ψ(u, h)M (4.16b)
c(t, g/h)N
M = ψ¯(t, h)N2L
ab
g/h,∞T 1a T 3b ψ(t, h)M (4.16c)
are defined in analogy to those of the g theory.
The g/h conformal weights in (4.15d) and (4.15e) for e(ρ, g/h)m
M 6= 0 are the correct
conformal weights of the external and intermediate coset-broken affine primary fields, and
the intermediate broken affine primary states contribute with residue O(k0), in accord
with the general OPE (2.17).
The (1 + O(k−1)) conformal weights in (4.15f) are broken affine secondaries (with
residue O(k−1) in (4.15h)) which are not necessarily integer descendants of broken affine
primaries; see for example the exact conformal blocks
nn¯n¯n in
SU(n)x1 × SU(n)x2
SU(n)x1+x2
(4.17)
obtained in Ref.[15]. All the conformal weights in (4.15d-f) check against the large
x1 = x2 = x form of these blocks.
Appendix D studies a coset example on simple g
33¯3¯3 in
SU(3)
SU(2)irr
(4.18)
in some detail. This case shows a block which begins at O(k−2).
We finally note that the number Bg/h of coset blocks in each of the channels,
Bg/h = dg · dh (4.19)
is the product of the dimensions dg and dh of the g- and h-invariants in any channel. In
fact dh ≥ dg because h ⊂ g, so that the inequality
Bg/h ≥ Bg (4.20)
is obtained for comparison of correlators with fixed external g-irreps, where Bg in (3.28)
is the number of affine-Sugawara blocks in each of the channels. The result (4.20) is in
accord with the intuitive expectation that the number of blocks grows with increased
symmetry breaking.
Crossing relations
Following the development of the previous section we find the crossing relations for
the embedding matrix and the (inverse) h-blocks,
e(ρ, g/h)m
M = Xg(ρσ)m
ne(σ, g/h)n
NX−1h (ρσ)N
M (4.21a)
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(F (ρ)h (y)−1)MN = [Xh(ρσ)+O(k−2)]MP (F (σ)h (y)−1)PQ ([Xh(ρσ)+O(k−2)]−1)QN (4.21b)
where Xg(ρσ) are the g-crossing matrices (3.29c) and Xh(ρσ) are the corresponding h-
crossing matrices,
Xh(ρσ)M
N = ψ¯(ρ, h)Mψ(σ, h)
N (4.22a)
X−1h (ρσ)M
N = Xh(σρ)M
N = (Xh(ρσ)N
M)∗ (4.22b)
which are also unitary. Using (3.29b) and (4.21) we obtain the crossing relations of the
coset blocks,
C(ρ)g/h(y)mM = [Xg(ρσ) +O(k−2)]mn C(σ)g/h(y)nN ([Xh(ρσ) +O(k−2)]−1)NM (4.23)
which involve, as expected, the crossing matrices Xg and Xh of g and of h.
The h-crossing matrices satisfy the same consistency relations,
Xh(ρσ)Xh(στ)Xh(τρ) = Xh(ρτ)Xh(τσ)Xh(σρ) = 1 (4.24a)
(1)M
N = δNM (4.24b)
which were seen for the g-crossing matrices in (3.30).
When the external g-irreps satisfy T 2 ∼ T 3, we find that Xh(us)2 = 1 and F (u)h (y) =
F (s)h (1 − y), as for the g-blocks. Together with the corresponding relations for the g-
quantities in this case, this implies
e(u, g/h) = e(s, g/h) , C(u)g/h(y) = C(s)g/h(1− y) (4.25)
and then,
C(s)g/h(1− y)mM = [Xg(su) +O(k−2)]mn C(s)g/h(y)nN [Xh(su) +O(k−2)]NM (4.26)
so that the s-channel coset blocks are closed under crossing in this case, as expected.
Using (4.23) and (4.14b), we finally write down the crossing relations among all three
sets C(s)g/h, C(u)g/h, Cˆ(t)g/h of analytic coset blocks,
C(s)g/h = [Xg(su) +O(k−2)] C(u)g/h [Xh(su) +O(k−2)]−1 (4.27a)
C(u)g/h = [Xg(us) +O(k−2)] C(s)g/h [Xh(us) +O(k−2)]−1 (4.27b)
C(s)g/h = [Xg(st) +O(k−2)] Cˆ(t)g/h [Xh(st)U−1g/h +O(k−2)]−1 (4.27c)
Cˆ(t)g/h = [Xg(ts) +O(k−2)] C(s)g/h [Ug/hXh(ts) +O(k−2)]−1 (4.27d)
C(u)g/h = [Xg(ut) +O(k−2)] Cˆ(t)g/h [Xh(ut)U−1g/h +O(k−2)]−1 (4.27e)
Cˆ(t)g/h = [Xg(tu) +O(k−2)] C(u)g/h [Ug/hXh(tu) +O(k−2)]−1 (4.27f)
where Ug/h is the non-analytic unitary phase matrix (4.14c) of the g/h coset constructions.
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As seen above for the affine-Sugawara constructions, the phase matrix provides the entire
O(k−1) corrections to the full coset crossing matrices in (4.27).
Fixed external h representations
The crossing relations (4.23) of the coset blocks mix the internal h-irreps (M) which
arise from different external irreps of h (that is, the h-irreps which arise from the h-
decomposition of the g-irreps T i).
To obtain blocks characterized by fixed external irreps of h, we introduce a hermitean
projection operator Ph = P(T h1, T h2, T h3, T h4) to select any four external h-irreps of
interest,
ψ(ρ, h)M˜a ψ¯(ρ, h)
β
M˜
= (Ph)αβ (4.28a)
Phψ(ρ, h)M = ψ(ρ, h)M˜δMM˜ (4.28b)
[Labh,∞T iaT jb ,Ph] = [Labg/h,∞T ia T jb ,Ph] = 0 , 1 ≤ i, j ≤ 4 (4.28c)
where M˜ runs over the eigenvectors associated to the fixed external set of h-irreps. The
inverse h blocks are block diagonal under this decomposition
(F (ρ)h (y)−1)MN˜
= ψ¯(ρ, h)M [1l− 2Labh,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]ψ(ρ, h)N˜ +O(k−2)
= ψ¯(ρ, h)M [1l− 2Labh,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]Phψ(ρ, h)N˜ +O(k−2)
= ψ¯(ρ, h)MPh[1l− 2Labh,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]ψ(ρ, h)N˜ +O(k−2)
= δM˜M (F (ρ)h (y)−1)M˜ N˜
(4.29)
where we have used the first relation in (4.28c). Then the corresponding subset of coset
blocks is
(Cg/h)mM˜ = (Fg)mne(g/h)nN(F−1h )NM˜ = (Fg)mne(g/h)nN˜(F−1h )N˜ M˜ . (4.30)
Similarly, the h-crossing matrices are block diagonal under this decomposition,
X−1h (ρσ)M
N˜ = ψ¯(σ, h)Mψ(ρ, h)
N˜ = ψ¯(σ, h)MPhψ(ρ, h)N˜ = δM˜MX−1h (ρσ)M˜ N˜ . (4.31)
Then, it follows from (4.23) and (4.31) that
C(ρ)g/h(y)mM˜ = [Xg(ρσ) +O(k−2)]mn C(σ)g/h(y)nN˜ ([Xh(ρσ) +O(k−2)]−1)N˜ M˜ (4.32)
which shows that the selected subset of coset blocks is closed under crossing
The selected subset of analytic coset blocks C(s)g/h(y)mM˜ , C(u)g/h(y)mM˜ and Cˆ(t)g/h(y)mM˜ is
also closed under crossing. To see this we need the fact the non-analytic coset phase
matrix (4.14c) is also block diagonal,
Ug/h(y)M
N˜ = δM˜MUg/h(y)M˜
N˜ (4.33a)
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C(t)g/h(y)mM˜ = Cˆ(t)g/h(y)mN˜Ug/h(y)N˜ M˜ , Cˆ(t)g/h(y)mM˜ = C(t)g/h(y)mN˜(Ug/h(y)−1)N˜ M˜ (4.33b)
which follows from (4.14c) and the second relation in (4.28c). The restricted phase matrix
Ug/h(y)M˜
N˜ is unitary in each subspace. Then, we have for example that
C(s)g/h(y)mM˜ = Xg(st)mnCˆ(t)g/h(y)nRUg/h(y)RN˜X−1h (st)N˜ M˜ +O(k−2) (4.34a)
= Xg(st)m
n [ Cˆ(t)g/h(y)nR˜]Ug/h(y)R˜N˜X−1h (st)N˜ M˜ +O(k−2) (4.34b)
where the last step follows from (4.33a).
The explicit form of these projection operators can be quite complicated in the general
case, but there are some simple, highly symmetric cases where the form of Ph is very
simple. As an example, consider the situation when each of the four external g-irreps
branches into a single h-irrep, so that the g/h-broken conformal weights of g-irrep T i are
degenerate,
(Labg/h,∞T ia T ib )αβ = ∆g/h(T i)δβα , i = 1 . . . 4 . (4.35)
In this case, all the coset-broken components of the g-irrep T i are on an equal footing,
and one may choose the trivial projector
Ph = 1l . (4.36)
This is the situation, e.g., in
T = (T1, 1) in gx1 × gx2
gx1+x2
(4.37)
examples of which were studied in Ref.[15]. Examples on simple g include
T = n or n¯ in SU(n)x
SO(n)2x
=
{ SU(3)x
SU(2)4x
, n = 3
SU(n)x
SO(n)2x
, n ≥ 4 (4.38a)
T = 2n in SO(2n)x
SO(n)x × SO(n)x (4.38b)
and the case n = 3 of (4.38a) will be considered in detail in Appendix D. In (4.38a) the
n of SU(n) is the n of SO(n) ⊂ SU(n), while in (4.38b) the 2n of SO(2n) is the (n, n) of
(SO(n)× SO(n)) ⊂ SO(2n). As we will discuss below, these simple cases are examples
of a more general situation in ICFT (see Section 5).
4.2 Non-chiral coset correlators
To construct a set of high-level non-chiral correlators for the coset constructions, we take
the s-channel diagonal construction,
Yg/h(Ph|y∗, y) =
∑
m,M˜
| C(s)g/h(y)mM˜ |2 +O(k−2) (4.39)
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which shows trivial monodromy around y = 0. To see that (4.39) has trivial monodromy
around y = 1 and y = ∞, one uses the crossing relations (4.32) of the coset blocks to
rewrite the coset correlator (4.39) in the two alternate forms,
Yg/h(Ph|y∗, y) =
∑
m,M˜
| C(u)g/h(y)mM˜ |2 +O(k−2) (4.40a)
=
∑
m,M˜
| C(t)g/h(y)mM˜ |2 +O(k−2) . (4.40b)
We can also use (4.33b) to express the t-channel form (4.40b) of the correlator in terms
of the analytic t-channel coset blocks,
Yg/h(Ph|y∗, y) =
∑
m,N˜,M˜
| Cˆ(t)g/h(y)mN˜Ug/h(y)N˜ M˜ |2 +O(k−2) =
∑
m,N˜
| Cˆ(t)g/h(y)mN˜ |2 +O(k−2)
(4.41)
where the last step follows from the unitarity of the restricted coset phase matrix.
Using completeness and the explicit form (4.10) of the coset blocks, the summed form
of these coset correlators is
Yg/h(Ph|y∗, y) =Tr
{
[1l + 2Labg/h,∞(T 1a T 2b ln y∗ + T 1a T 3b ln(1− y∗))]Ig
×[1l + 2Labg/h,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]Ph
}
+O(k−2)
(4.42a)
= Tr[(1l + 2Labg/h,∞(T 1a T 2b ln |y|2 + T 1a T 3b ln |1− y|2))IgPh] +O(k−2)
(4.42b)
where Ig is the projector onto the G-invariant subspace of T 1 ⊗ · · · ⊗ T 4 and Ph is the
projector onto the desired subset of external h representations. To obtain the second
form, which explicitly shows two of the trivial monodromies, we used the second relation
in (4.28c). Trivial monodromy around y =∞ is also easily seen following the discussion
below eq.(3.41).
5 A Simple Class of Correlators in ICFT
5.1 L(g;H)-degenerate states and correlators
In this section, we use the intuition gained in our discussion of the affine-Sugawara and
coset constructions above to identify what we believe to be the simplest, most highly
symmetric processes in ICFT.
In the first place , we restrict our attention to the ICFTs with a symmetry, that is,
to the H-invariant CFTs on g, whose inverse inertia tensors LH satisfy
ω(H)LH ω(H)
−1 = LH , ω(H) ∈ H (5.1)
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where H ⊂ G is any subgroup of G, including finite groups and the Lie groups. The
matrix ω(H)a
b is in the adjoint of g. For the H-invariant CFTs, the conformal weight
matrix of irrep T of g and hence the broken conformal weights ∆Hα (T ) are H-invariant,
Ω(H, T )LabH TaTb Ω−1(H, T ) = LabH TaTb , Ω(H, T ) ∈ H (5.2a)
Ω(H, T )αβ[∆Hα (T )−∆Hβ (T )] = 0 (5.2b)
where Ω(H, T )αβ is in irrep T and we have used (2.9) to obtain (5.2b).
In the H-invariant CFTs, we further restrict ourselves to the most symmetric broken
affine primary fields, that is, to the irreps T of g whose Lab-broken conformal weights
∆Hα (T ) = ∆H(T ), α = 1 . . .dim T are completely degenerate
(LabHTaTb)αβ = ∆H(T )δβα (5.3)
at all levels. In what follows, such irreps of g are called the L(g;H)-degenerate states
because, in these cases, the irrep of g decomposes into a unique irrep of H . Finally, we
restrict the discussion to the L(g;H)-degenerate processes, which are those correlators
all of whose external states are L(g;H)-degenerate. In this sense, the L(g;H)-degenerate
processes are the most symmetric correlators in ICFT.
Although they are by no means generic, it is easy to find examples of L(g;H)-
degenerate states in the H-invariant CFTs. The simplest cases of L(g;H)-degenerate
states are all the affine primary states of all the affine-Sugawara constructions, which are
in fact L(g;G)-degenerate.
Examples of L(g; h)-degenerate states in the g/h coset constructions include those
mentioned in (4.37) and (4.38). These are RCFT examples in the Lie h-invariant CFTs,
and in principle many irrational examples, beyond the coset constructions, can be found
among the Lie h-invariant CFTs.
Irrational examples in the much larger set of H-invariant CFTs, beyond the Lie h-
invariant CFTs, are already known, including the irrational cases [24]
T = n or n¯ in (SU(n)x)#M (5.4a)
T = 2n in (SO(2n)x)#M (5.4b)
where H is a finite subgroup of SO(n) ⊂ SU(n) and (SO(n) × SO(n)) ⊂ SO(2n) in
(5.4a) and (5.4b) respectively. The case n = 3 in (5.4a) will be considered in detail in
Section 6.
We should also remark that the L(g;H)-degenerate conformal weights of the coset
examples in (4.38) and the irrational examples in (5.4) all obey the unified conformal
weight formula,
∆Hα (T ) = ∆H(T ) =
c
2xn
(5.5)
where x is the invariant level of g and c is the central charge, which is rational for the
coset constructions and irrational for SU(n)#M and SO(2n)
#
M . The occurence of
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a) L(g;H)-degenerate states
b) a unified form of the conformal weights
for these rational and irrational families is not totally surprising, since both families
of constructions are contained in the same (maximally-symmetric) ansatz [24] of the
Virasoro master equation.
In what follows, we will find uniform formulae for the high-level conformal blocks and
correlators of all possible L(g;H)-degenerate processes in ICFT.
5.2 Conformal blocks in ICFT
We study only the class of L(g;H)-degenerate correlators in ICFT. Fig.2 shows these
correlators generically, with one degenerate conformal weight ∆Hi ≡ ∆H(T i), i = 1 . . . 4
for each external state.
✚
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Fig. 2. The L(g;H)-degenerate correlators.
In this case, the chiral correlators (2.1) take the form,
Y αH (y) = v¯
β
gΛH(y)β
α +O(k−2) (5.6a)
ΛH(y) = 1l + 2L
ab
H,∞[T 1a T 2b ln y + T 1a T 3b ln(1− y)] (5.6b)
= 1l + [LabH,∞(T 1a + T 2a )(T 1b + T 2b )− (∆H1 +∆H2 )1l] ln y
+ [LabH,∞(T 1a + T 3a )(T 1b + T 3b )− (∆H1 +∆H3 )1l] ln(1− y)
(5.6c)
YHΩ(H) = YH , Ω(H) =
4∏
i=1
Ω(H, T i) . (5.6d)
Here we have used the high-level forms of the identities
LabHT ia T ib = ∆Hi 1l , i = 1 . . . 4 (5.7a)
2LabHT ia T jb = LabH (T ia + T ja )(T ib + T jb )− (∆Hi +∆Hj )1l , 1 ≤ i < j ≤ 4 (5.7b)
to obtain the alternate form in (5.6c). The statement in (5.7a) is the L(g;H)-degeneracy
of each external state. The condition (5.6d), which enforces the H-symmetry of the
system, follows from the H-invariance of the relevant matrices
[ΛH ,Ω(H)] = 0 (5.8)
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and the fact that v¯g, being g-invariant, is also invariant under Ω(H).
To find ρ = s, t and u-channel block bases for the conformal blocks, we introduce the
H-invariant eigenvectors ψ(ρ,H) of the ρ-channel,
2LabH,∞T 1a T 2b ψ(s, H)M = (∆H(s)(M)−∆H1 −∆H2 )ψ(s, H)M (5.9a)
2LabH,∞T 1a T 3b ψ(u, H)M = (∆H(u)(M)−∆H1 −∆H3 )ψ(u, H)M (5.9b)
2LabH,∞T 2a T 3b ψ(t, H)M = (∆H(t)(M)−∆H2 −∆H3 )ψ(t, H)M (5.9c)
ψ¯(ρ,H)Mψ(ρ,H)
N = δNM , ψ(ρ,H)
M
α ψ¯(ρ,H)
β
M = (IH)
β
α (5.9d)
Ω−1(H)ψ(ρ,H)M = ψ(ρ,H)M , ψ¯(ρ,H)MΩ(H) = ψ¯(ρ,H)M (5.9e)
where (IH)
β
α is the projector onto the H-invariant subspace of T 1 ⊗ · · · ⊗ T 4. According
to the identity (5.7b), the quantities ∆H(ρ)(M) are the L
ab-broken high-level conformal
weights of the broken affine primary states in the ρ-channel.
We remind the reader that the correlators (5.6) include all the correlators in H-
invariant CFTs with L(g;H)-degenerate external states. This includes in particular all
the correlators of all the affine-Sugawara constructions, in which case the eigenvectors
ψ(ρ,H) may be taken as the g-invariants v(ρ, g) of Section 3, and all the coset correlators
whose external states are L(g; h)-degenerate, in which case the eigenvectors ψ(ρ,H) may
be identified as the h-invariants ψ(ρ, h) of Section 4.
The ρ = s, t and u-channel conformal blocks B(ρ)H are then obtained by inserting
completeness sums in (5.6), according to
ΛH = ΛHIH = ΛHψ(ρ,H)
M ψ¯(ρ,H)M , ∀ ρ . (5.10)
In this way, we obtain the three expansions,
Y αH (y) =
∑
m,M
d(s)mB(s)H (y)mM ψ¯(s, H)αM (5.11a)
=
∑
m,M
d(u)mB(u)H (y)mM ψ¯(u, H)αM (5.11b)
=
∑
m,M
d(t)mB(t)H (y)mM ψ¯(t, H)αM (5.11c)
where the ρ-channel blocks B(ρ)H (y) are
B(ρ)H (y)mM = v¯(ρ, g)mΛH(y)ψ(ρ,H)M +O(k−2) (5.12a)
= e(ρ,H)m
N ψ¯(ρ,H)NΛH(y)ψ(ρ,H)
M +O(k−2) , ρ = s, t, u (5.12b)
ΛH(y) = 1l + 2L
ab
H,∞[T 1a T 2b ln y + T 1a T 3b ln(1− y)] (5.12c)
e(ρ,H)m
M = v¯(ρ, g)mψ(ρ,H)
M . (5.12d)
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Here e(ρ,H) is the embedding matrix of the g-invariants in the H-invariants.
The s and u-channel blocks B(s)H and B(u)H are analytic blocks, as above, and the analytic
t-channel blocks Bˆ(t)H ,
Bˆ(t)H (y)mM = v¯(t, g)mΛˆH(y)ψ(t, H)M +O(k−2) (5.13a)
= e(t, H)m
N ψ¯(t, H)NΛˆH(y)ψ(t, H)
M +O(k−2) (5.13b)
ΛˆH(y) = 1l + 2L
ab
H,∞(T 1a [T 2b + T 3b ] ln(−y) + T 1a T 3b ln
(
1− 1
y
)
) (5.13c)
B(t)H (y) = Bˆ(t)H (y)UH(y) , Bˆ(t)H (y) = B(t)H (y)UH(y)−1 (5.13d)
UH(y)M
N = ψ¯(t, H)M exp[−2πiLabH,∞T 1a T 2b sign(arg(−y))]ψ(t, H)N +O(k−2) (5.13e)
UH(y
∗) = UH(y)
−1 , UH(y)
† = UH(y)
−1 (5.13f)
are also obtained by now-familiar steps, including the continuation rules (3.20). The
quantity UH(y) in (5.13e) is the non-analytic unitary phase matrix of the L(g;H)-
degenerate correlators in ICFT.
The expressions (5.12a,b) and (5.13a,b) for the high-level analytic blocks B(s)H , B(u)H ,
Bˆ(t)H of the L(g;H)-degenerate correlators in ICFT are among the central results of this
paper.
To study the limiting behavior of the analytic blocks, we use the eigenvalue problems
(5.9) to rearrange the blocks in each of the channels as follows,
B(s)H (y)mM = e(s, H)mN ψ¯(s, H)N [1l+2LabH,∞T 1a T 3b ln(1− y)]ψ(s, H)M
× [1 + (∆H(s)(M)−∆H1 −∆H2 ) ln y] +O(k−2)
(5.14a)
= e(s, H)m
N

δMN − c(s, H)NM
∞∑
p=1
yp
p

 y∆H(s)(M)−∆H1 −∆H2 +O(k−2) (5.14b)
c(s, H)N
M = ψ¯(s, H)N2L
ab
H,∞T 1a T 3b ψ(s, H)M (5.14c)
B(u)H (y)mM = e(u, H)mN

δMN − c(u, H)NM
∞∑
p=1
(1− y)p
p

 (1− y)∆H(u)(M)−∆H1 −∆H3 +O(k−2)
(5.14d)
c(u, H)N
M = ψ¯(u, H)N2L
ab
H,∞T 1a T 2b ψ(u, H)M (5.14e)
Bˆ(t)H (y)mM = v¯(t, g)m[1l+2LabH,∞T 1a [T 2b + T 3b ] ln(−y)]
× [1l + 2LabH,∞T 1a T 3b ln
(
1− 1
y
)
]ψ(t, H)M +O(k−2)
(5.14f)
= e(t,H)m
N ψ¯(t, H)N [1l + 2L
ab
H,∞T 1a T 3b ln
(
1− 1
y
)
]
× [1l− (2LabH,∞T 2a T 3b +
3∑
i=1
∆Hi −∆H4 ) ln(−y)]ψ(t, H)M +O(k−2)
(5.14g)
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= e(t, H)m
N

δMN − c(t, H)NM
∞∑
p=1
(
1
y
)p
1
p

 (−y)−∆H(t)(M)−∆H1 +∆H4 +O(k−2)
(5.14h)
c(t, H)N
M = ψ¯(t, H)N2L
ab
H,∞T 1a T 3b ψ(t, H)M . (5.14i)
To obtain the form (5.14g) of the analytic t-channel blocks we also used the g-global
Ward identity on the g-invariants v¯(ρ, g)m,
v¯(ρ, g)m[2L
ab
H (T 1a T 2b + T 2a T 3b + T 3a T 1b )− γH1l] = 0 (5.15a)
γH = ∆
H
4 −∆H1 −∆H2 −∆H3 (5.15b)
applied here at high level for the case ρ=t.
Using the expressions in (5.14), we find the limiting behavior of the conformal blocks
B(s)H (y)mM ∼y→0 Γ
(s)
H (m,M)y
∆H
(s)
(m,M)−∆H1 −∆
H
2 +O(k−2) (5.16a)
B(u)H (y)mM ∼y→1 Γ
(u)
H (m,M)(1− y)∆
H
(u)
(m,M)−∆H1 −∆
H
3 +O(k−2) (5.16b)
Bˆ(t)H (y)mM ∼y→∞ Γ
(t)
H (m,M)(−y)−∆
H
(t)
(m,M)−∆H1 +∆
H
4 +O(k−2) (5.16c)
∆H(ρ)(m,M) =
{
∆H(ρ)(M) +O(k−2) , e(ρ,H)mM 6= 0 (5.16d)
1 +O(k−1) , e(ρ,H)mM = 0 (5.16e)
Γ
(ρ)
H (m,M) =
{
e(ρ,H)m
M +O(k−2) , e(ρ,H)mM 6= 0
−e(ρ,H)mNc(ρ,H)NM +O(k−2) , e(ρ,H)mM = 0
(5.16f)
followed by integer-spaced secondaries. The blocks with e(ρ,H)m
M 6= 0 begin at O(k0)
and exhibit leading singularities (with O(k0) residues) whose high-level conformal weights
∆H(ρ)(M) in (5.9) are those of the correct broken affine-primary states in each of the three
channels. The remaining blocks, which begin at O(k−1), show leading singularities which
are broken affine secondaries. As noted for the affine-Sugawara and coset constructions
in Sections 3 and 4, this pattern is in agreement with the general OPE in (2.17).
Further discussion of these conformal weights follows that given for the coset con-
structions below (4.16). In particular, as noted for the cosets, the (1+O(k−1)) ρ-channel
conformal weights in (5.16e) are broken affine secondaries which need not be integer de-
scendants of broken affine primary states. Identification of these states is therefore an
important open problem in ICFT.
Number of blocks
We finally note that, for an L(g;H)-degenerate process, the number BH of blocks in
each of the channels
BH = dg · dH (5.17)
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is the product of the dimension dg of g-invariants and the dimension dH of H-invariants
in any channel. We know that dH ≥ dh ≥ dg when H is a finite subgroup of the Lie
group generated by h ⊂ g, and hence we obtain the double inequality
BH ≥ Bg/h ≥ Bg (5.18)
for comparison of correlators with fixed external g-irreps, where Bg/h and Bg in (4.19)
and (3.28) are the number of coset and affine-Sugawara blocks respectively in any chan-
nel. This double inequality summarizes the symmetry hierarchy within the L(g;H)-
degenerate processes, and is in accord with the expectation that the number of blocks
increases with increased symmetry breakdown in ICFT.
In Appendices B and D and Section 6, we study the L(g;H)-degenerate correlator
33¯3¯3 under the three constructions,
• the affine-Sugawara construction on SU(3)
• the coset construction SU(3)/SU(2)irr
• the irrational construction SU(3)#M
to illustrate the double inequality (5.18). As discussed below, the symmetry hierarchy
for these three constructions is SU(3) ⊃ SU(2)irr ⊃ O, where SU(2)irr is the irregular
embedding of SU(2) in SU(3) and O is the octohedral group symmetry of the irrational
construction.
5.3 Crossing relations
Using the completeness relations (3.27a) and (5.9d) of the g-invariant and H-invariant
eigenvectors respectively, we verify the crossing relations among the blocks,
B(ρ)H (y)mM = [Xg(ρσ) +O(k−2)]mn B(σ)H (y)nN ([XH(ρσ) +O(k−2)]−1)NM (5.19a)
XH(ρσ)M
N = ψ¯(ρ,H)Mψ(σ,H)
N (5.19b)
X−1H (ρσ)M
N = XH(σρ)M
N = (XH(ρσ)N
M)∗ (5.19c)
where Xg(ρσ) is the affine-Sugawara crossing matrix defined in (3.29) and XH(ρσ) in
(5.19b) is another set of unitary crossing matrices, called the H-crossing matrices, from
the σ-channel to the ρ-channel.
The H-crossing matrices satisfy the same consistency relations
XH(ρσ)XH(στ)XH(τρ) = XH(ρτ)XH(τσ)XH(σρ) = 1 (5.20a)
(1)M
N = δNM (5.20b)
found for g and h in (3.30) and (4.24).
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When the external g-irreps satisfy T 2 ∼ T 3, we may take
ψ(u, H)Mα = ψ(s, H)
M
α′ , ψ¯(u, H)
α
M = ψ¯(s, H)
α′
M (5.21)
and then one finds that,
ΛH(y)α′
β′ = ΛH(1− y)αβ (5.22a)
B(u)H (y) = B(s)H (1− y) (5.22b)
XH(su) = X
−1
H (su) = XH(us) (5.22c)
where α′ = (α1α3α2α4). It follows that the set of s-channel blocks is closed under crossing
B(s)H (1− y)mM = [Xg(us) +O(k−2)]mn B(s)H (y)nN [XH(us) +O(k−2)]NM (5.23)
as it should be in this case. Similar relations hold when any two external states are the
same.
Using (5.19a) and (5.13d), we finally write down the crossing relations of the three
sets B(s)H , B(u)H , Bˆ(t)H of analytic blocks,
B(s)H = [Xg(su) +O(k−2)]B(u)H [XH(su) +O(k−2)]−1 (5.24a)
B(u)H = [Xg(us) +O(k−2)]B(s)H [XH(us) +O(k−2)]−1 (5.24b)
B(s)H = [Xg(st) +O(k−2)] Bˆ(t)H [XH(st)U−1H +O(k−2)]−1 (5.24c)
Bˆ(t)H = [Xg(ts) +O(k−2)]B(s)H [UHXH(ts) +O(k−2)]−1 (5.24d)
B(u)H = [Xg(ut) +O(k−2)] Bˆ(t)H [XH(ut)U−1H +O(k−2)]−1 (5.24e)
Bˆ(t)H = [Xg(tu) +O(k−2)]B(u)H [UHXH(tu) +O(k−2)]−1 (5.24f)
where UH is the non-analytic unitary phase matrix (5.13e) of the L(g;H)-degenerate
correlators. As seen above for the affine-Sugawara and coset constructions, the phase
matrix provides the entire O(k−1) corrections to the full crossing matrices in (5.24).
For the special case of the L(g; h)-degenerate coset correlators (with LH = Lg/h and
ψ(H) = ψ(h)) the general high-level blocks (5.12), (5.13) reduce precisely to the L(g;H)-
degenerate subset of high-level coset blocks computed in (4.10), (4.14). In the same way,
the crossing relations (5.24) reduce in this case to the coset crossing relations in (4.27).
5.4 Non-chiral correlators in ICFT
For the general L(g;H)-degenerate process, we construct a set of high-level non-chiral
correlators using the diagonal construction in the s-channel blocks (5.12),
YH(y
∗, y) =
∑
m,M
| B(s)H (y)mM |2 +O(k−2) (5.25)
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which shows trivial monodromy around y = 0. Using the crossing relations (5.19) we can
also express this correlator in terms of u or t-channel blocks
YH(y
∗, y) =
∑
m,M
| B(u)H (y)mM |2 +O(k−2) (5.26a)
=
∑
m,M
| B(t)H (y)mM |2 +O(k−2) (5.26b)
which show trivial monodromy around y = 1 and y =∞ respectively.
The non-chiral correlator can also be expressed in terms of the analytic t-channel
blocks (5.13a),
YH(y
∗, y) =
∑
m,N,M
| Bˆ(t)H (y)mNUH(y)NM |2 +O(k−2) =
∑
m,N
| Bˆ(t)H (y)mN |2 +O(k−2) (5.27)
where the last step uses the unitarity (5.13f) of the phase matrix UH .
Using completeness and the explicit form of the conformal blocks, we also obtain the
summed form of the non-chiral correlators
YH(y
∗, y) =Tr{[1l + 2LabH,∞(T 1a T 2b ln y∗ + T 1a T 3b ln(1− y∗))]Ig
× [1l + 2LabH,∞(T 1a T 2b ln y + T 1a T 3b ln(1− y))]}+O(k−2)
(5.28a)
= Tr[(1l+2LabH,∞(T 1a T 2b ln |y|2+T 1a T 3b ln |1−y|2))Ig]+O(k−2) (5.28b)
where Ig is the projector onto the G-invariant subspace of T 1 ⊗ · · · ⊗ T 4. The last form
explicitly shows two of the trivial monodromies, and trivial monodromy around y =∞ is
easily seen following the discussion below eq.(3.41). One also sees the expected crossing
symmetry
YH(1− y∗, 1− y) = YH(y∗, y) (5.29)
when T 2 ∼ T 3. We finally note that the general L(g;H)-degenerate correlators (5.28)
correctly include the L(g; h)-degenerate coset correlators obtained from (4.42) when
Ph = 1.
Using the embedding matrices (5.12d) and the H-crossing matrices (5.19b), Appendix
A gives alternate expressions for the blocks and correlators of the L(g;H)-degenerate
processes in ICFT.
6 Blocks and Correlators in SU(3)#M
As an explicit example in irrational conformal field theory, we work out here the high-level
conformal blocks and non-chiral correlators for a particular L(g;H)-degenerate process
in the unitary irrational level-family [24]
(SU(3)x)
#
M (6.1)
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where x is the invariant level of SU(3). For simplicity below, this construction is often
called SU(3)#M . The construction is included in the larger maximally-symmetric ansatz
for all simply-laced g, which was in fact the first set of ICFTs found in the Virasoro
master equation. The closely related coset construction SU(3)x/SU(2)4x, which also
resides in the maximally-symmetric ansatz, is studied in Appendix D.
The exact forms of the central charge and the conformal weights of the 3 and 3¯
representations under (SU(3)x)
#
M are
c[(SU(3)x)
#
M ] =
2x
x+ 3
[
2− x
2 − 8x+ 17√
4x4 − 28x3 + 17x2 + 160x− 128
]
(6.2a)
∆(T(3)) = ∆(T(3¯)) = c
6x
(6.2b)
where the 3-fold degenerate conformal weights in (6.2b) strongly suggest that the 3 and
3¯ are L(g;H)-degenerate representations.
As discussed further in Appendix C, the level-family (SU(3)x)
#
M has a finite group
symmetry
H(SU(3)#M) = O ⊂ SU(2)irr (6.3)
where O is the octohedral group and SU(2)irr is the irregularly embedded SU(2) ⊂ SU(3).
The degeneracy of the 3 and 3¯ is due to the octohedral symmetry of the construc-
tion, which mixes all three components of each representation. Thus the 3 and 3¯ are
L(SU(3);O)-degenerate representations in (SU(3)x)
#
M , as desired.
For the high-level computations in (SU(3)x)
#
M below, we need only the high-level
forms of the inverse inertia tensor (in the Gell-Mann basis) and the degenerate conformal
weights,
LabO,∞ =
1
xψ2g
θaδab , θa =
{
1 a = 1, 4, 6
0 a = 3, 8, 2, 5, 7
(6.4a)
c = 3 +O(x−1) (6.4b)
∆O(T(3)) = ∆O(T(3¯)) = 1
2x
+O(x−2) (6.4c)
which identifies P ab = θaδab as the high-level projector of SU(3)
#
M . Moreover, we will
consider only the L(SU(3);O)-degenerate process 33¯3¯3 in SU(3)#M ,
T 1 = T 4 = T(3) , T 2 = T 3 = T(3¯) (6.5)
shown schematically in Fig.3. The matrix irrep of the 3 and 3¯ in the Gell-Mann basis
are given by,
T(3) =
√
ψ2g
2
λa , T(3¯) =
√
ψ2g
2
λ¯a (6.6a)
λ¯a = −λTa =
{−λa a = 3, 8, 1, 4, 6
λa a = 2, 5, 7
(6.6b)
where λa, a = 1 . . . 8 are the Gell-Mann matrices.
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✚
✚
✚
✚
❩
❩
❩
❩ ✚
✚
✚
✚
❩
❩
❩
❩3
3¯ 3¯
3
Fig. 3. An L(SU(3);O)-degenerate correlator in SU(3)#M .
To compute the high-level blocks in the s-channel, we need to solve the eigenvalue
problem (5.9a) for the s-channel O-invariant eigenvectors ψ(s, O), which reads in this
case,
[− 1
2x
∑
a=1,4,6
λ1aλ
2
a +
1
x
1l]α
β ψ(s, O)Mβ = ∆
O
(s)(M)ψ(s, O)
M
α (6.7a)
4∏
i=1
(ωil)αi
βiψ(s, O)Mβ = ψ(s, O)
M
α , l = 1, 2 (6.7b)
ω1 = exp(iπλ2/2) =


0 1 0
−1 0 0
0 0 1

 (6.7c)
ω2 = exp(iπλ5/2) exp(iπλ7/2) =


0 −1 0
0 0 1
−1 0 0

 . (6.7d)
The matrices ω1 and ω2 which appear in the O-invariance condition (6.7b) may be taken
as the generators of O.
After some algebra, one finds the following orthonormal set of s-channel eigenvectors
ψ(s, O)M and their eigenvalues ∆O(s)(M),
ψ(s, O)1α =
1
3
δα1α2δα3α4 , ∆
O
(s)(1) = 0 (6.8a)
ψ(s, O)2α =
1
2
√
3
[δα1α3δα2α4 + δα1α4δα2α3 − 2δα1α2δα3α4δα1α3 ] , ∆O(s)(2) =
1
2x
(6.8b)
ψ(s, O)3α =
1
3
√
2
[δα1α2δα3α4 − 3δα1α2δα3α4δα1α3 ] , ∆O(s)(3) =
3
2x
(6.8c)
ψ(s, O)4α =
1
2
√
3
[δα1α3δα2α4 − δα1α4δα2α3 ] , ∆O(s)(4) =
3
2x
(6.8d)
ψ¯(s, O)αM = (ψ(s, O)
M
β )
∗ηβα = ψ(s, O)Mα (6.8e)
where the last relation says that the left and right eigenvectors coincide in this case.
In ICFT, the high-level fusion rules [16,14] of the broken affine primaries follow the
Clebsch-Gordan coefficients of their corresponding matrix irreps, so the s-channel should
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show the exchange of broken affine primary states corresponding to the vacuum and the
adjoint representation,
3⊗ 3¯ = 1⊕ 8 +O(k−1) . (6.9)
Indeed, the first conformal weight in (6.8a) is the conformal weight of the vacuum, and
the other three high-level conformal weights in (6.8b-d) are precisely the high-level form
of the three degenerate subsets of broken conformal weights of the adjoint (see Appendix
C).
Similarly, we can solve for the u and t-channel eigenvectors, which are given by
ψ(u, O)M = ψ(s, O)M |2↔3 , ∆O(u)(M) = ∆O(s)(M) (6.10a)
ψ(t, O)M = ψ(s, O)M |2↔4 , ∆O(t)(M) =
2
x
−∆O(s)(M) (6.10b)
where 2 ↔ 3 and 2 ↔ 4 mean respectively α2 ↔ α3 and α2 ↔ α4 in the explicit
expressions of the s-channel eigenvectors (6.8). The result in (6.10a) is in accord with
(5.21) since T 2 ∼ T 3, so that the u-channel conformal weights are identical to the ones
in the s-channel. The conformal weights found in the t-channel,
∆O(t)(M) = (
2
x
,
3
2x
,
1
2x
,
1
2x
) (6.11)
are also in agreement with the conformal weights of broken affine primaries in the known
high-level fusion rule
3⊗ 3 = 6⊕ 3¯ +O(k−1) . (6.12)
In particular, the last value in (6.11) is the completely degenerate conformal weight of
the 3¯ and the first three coincide with the three degenerate subsets (C.11b) of the 6,
according to the high-level form (C.13a).
Using eq.(5.19b), the high-level s-u and s-t O-crossing matrices are computed from
the eigenvectors as
XO(us)M
N = ψ(u, O)Mψ(s, O)N =
1
6


2 2
√
3 −2√2 2√3
2
√
3 3
√
6 −3
−2√2 √6 4 √6
2
√
3 −3 √6 3

 (6.13a)
XO(ts)M
N = ψ(t, O)Mψ(s, O)N =
1
6


2 2
√
3 −2√2 −2√3
2
√
3 3
√
6 3
−2√2 √6 4 −√6
−2√3 3 −√6 3

 (6.13b)
which are orthogonal and idempotent matrices in this case. The third O-crossing matrix
XO(ut) = XO(us)XO(ts) (6.14)
follows from the consistency relation (5.20).
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For the crossing of the blocks one also needs the high-level affine-Sugawara crossing
matrices (3.29c) for g = SU(3). The ρ-channel SU(3)-invariant eigenvectors and the
corresponding crossing matrices are
v(s, SU(3))Vα =
1
3
δα1α2δα3α4 (6.15a)
v(s, SU(3))Aα =
1
2
√
2
[δα1α3δα2α4 −
1
3
δα1α2δα3α4 ] (6.15b)
v(u, SU(3)) = v(s, SU(3))|2↔3 (6.15c)
v(t, SU(3))6α =
1
2
√
6
[δα1α2δα3α4 + δα1α3δα2α4 ] (6.15d)
v(t, SU(3))3¯α =
1
2
√
3
[δα1α2δα3α4 − δα1α3δα2α4 ] (6.15e)
XSU(3)(us)m
n = v(u, SU(3))mv(s, SU(3))n =
1
3
(
1 2
√
2
2
√
2 −1
)
(6.15f)
XSU(3)(ts)m
n = v(t, SU(3))mv(s, SU(3))n =
1
3
(√
6
√
3√
3 −√6
)
(6.15g)
where the labels V,A stand for vacuum and adjoint irrep, and 6, 3¯ for symmetric and
antisymmetric irrep. The third g-crossing matrix is given by XSU(3)(ut) = XSU(3)(us)
X−1SU(3)(ts).
Finally, we write down the 8 high-level s-channel conformal blocks (5.12) of the 33¯3¯3
correlator in SU(3)#M ,
B(s)O (y)mM = e(s, O)mN [1+(∆O(s)−
1
x
·1) ln y+(QO(su)−
1
x
·1) ln(1−y)]NM+O(x−2) (6.16)
where (1)N
M = δMN and
e(s, O)m
M = v(s, SU(3))mψ(s, O)M =
(
1 0 0 0
0 1
4
√
6 −1
2
1
4
√
6
)
(6.17a)
(∆O(s))N
M = ∆O(s)(M)δ
M
N , ∆
O
(s)(M) = ∆
O
(u)(M) = (0,
1
2x
,
3
2x
,
3
2x
) (6.17b)
(QO(su))N
M =
∑
L
XO(us)N
L∆O(u)(L)XO(us)L
M =
1
12x


12 −4√3 0 0
−4√3 9 √6 −3
0
√
6 12 3
√
6
0 −3 3√6 9

 .
(6.17c)
Here we have used the alternate expression (A.9) for the L(g;H)-degenerate blocks in
Appendix A. The u and t-channel blocks can be computed from the s-channel blocks
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above using the crossing relation (5.19) and the explicit forms of the crossing matri-
ces XSU(3)(us), XSU(3)(ts) in (6.15), and XO(us), XO(ts) in (6.13). Moreover, using the
explicit form of the non-analytic phase matrix (5.13e) for this process,
UO(y)M
N =
∑
L
XO(ts)M
L exp
(
−πi[∆O(s)(L)−
1
x
]sign(arg(−y))
)
XO(ts)L
N +O(x−2)
(6.18)
the analytic t-channel blocks follow from the crossing relation (5.24f)
Using (5.16a,d-f) we obtain the following limiting behavior as y → 0 for the 8 s-
channel blocks (6.16) of this correlator,
B(s)O (y)mM ∼y→0 Γ
(s)
O (m,M)y
∆O
(s)
(m,M)−1/x
+O(x−2) , m = V,A , M = 1, 2, 3, 4
(6.19a)
∆O(s)(V, 1) = 0 +O(x−2) , ∆O(s)(A, 2) =
1
2x
+O(x−2) (6.19b)
∆O(s)(A, 3) =
3
2x
+O(x−2) , ∆O(s)(A, 4) =
3
2x
+O(x−2) (6.19c)
∆O(s)(V, 2) = 1 +O(x−1) , ∆O(s)(A, 1) = 1 +O(x−1) (6.19d)
∆O(s)(V, 3) = O(x0) , ∆O(s)(V, 4) = O(x0) (6.19e)
Γ
(s)
0 (m,M) =
(
1 1
3x
√
3 0 0
1
4x
√
2 1
4
√
6 −1
2
1
4
√
6
)
+O(x−2) . (6.19f)
The explicit form of these residues was obtained using (5.16d), the embedding matrix
(6.17a) and the relation c(s, O) = QO(su) − 1x · 1.
The four conformal weights in (6.19b,c) are the broken affine primary states in (6.9),
whose residues are O(x0) in accord with the general OPE in (2.17). The two conformal
weights in (6.19d) are broken affine secondary states (with residues which are O(x−1))
which are not necessarily integer descendants of broken affine primary states. The con-
formal weights in (6.19e) cannot be determined through this order because their residues
Γ
(s)
O are zero through O(x−1), and indeed these entire blocks begin at order O(x−2),
BO(y)V 3 , BO(y)V 4 = O(x−2) (6.20)
a phenomenon also encountered in the coset example of Appendix D. To see (6.20) directly
from (6.16) note that, for these blocks, e(s, O)m
M = 0 and e(s, O)m
N(QO(su))N
M = 0. In
the u-channel we also find two blocks which begin at O(x−2), while in the t-channel there
is one such block.
In agreement with (5.17), the number of blocks for this L(SU(3);O)-degenerate pro-
cess is
BO = 2 · 4 = 8 . (6.21)
Because of the increasing symmetry breakdown,
O ⊂ SU(2)irr ⊂ SU(3) (6.22)
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the number (6.21) is larger than the number of blocks
BSU(3) = 2 · 2 = 4 , BSU(3)/SU(2) = 2 · 3 = 6 (6.23)
for the same correlator under the affine-Sugawara construction (see Appendix B) and
the closely related coset construction studied in Appendix D. Taken together, (6.21) and
(6.23) are an illustration of the double inequality (5.18).
Using eqs.(A.13), (A.14) we also find the following expression for the high-level non-
chiral correlators of SU(3)#M ,
YO(y
∗, y)=
∑
M
E(s, O)M
M [1 + (∆O(s) −
1
x
· 1) ln |y|2+ (∆O(s) −
1
x
· 1) ln |1− y|2]MM +O(x−2)
(6.24a)
E(s, O)M
N =
∑
m
(e(s, O)m
M)∗e(s, O)m
N =


1 0 0 0
0 3
8
−1
8
√
6 3
8
0 −1
8
√
6 1
4
−1
8
√
6
0 3
8
−1
8
√
6 3
8

 (6.24b)
where we have used XO(us)E(s, O)XO(us) = E(s, O) and the diagonal s-channel con-
formal weight matrix ∆O(s) is given in (6.17b). This result explicitly shows the crossing
symmetry (5.29), as it should since T 2 ∼ T 3 in this case.
We finally remark that the high-level blocks and correlators of the K-conjugate theory
SU(3)/SU(3)#M , L˜ = LSU(3) − L (6.25)
can be easily obtained from the results above, by substituting everywhere the K-conjugate
conformal weights ∆˜(T ) = ∆g(T ) − ∆(T ) for the conformal weights ∆(T ). Moreover,
the results above can easily be extended to the L(g;H)-degenerate correlators nn¯n¯n in
the larger family of ICFTs called SU(n)#M [24]; in this case, the number of H-invariant
tensors stays the same, with closely analogous forms for all the more general results.
7 Conclusions
The generalized KZ equations of ICFT provide a uniform description of the chiral corre-
lators of rational and irrational conformal field theory, and the solution of these equations
is known at high level on simple g. The apparent simplicity of this result is deceptive,
however, because the solution describes a vast variety of generically irrational conformal
field theories ranging from the most symmetric (the RCFTs) to totally asymmetric (the
generic ICFT).
In this paper, we have begun the resolution of the high-level chiral correlators into
high-level conformal blocks and non-chiral correlators, beginning with the simplest and
most symmetric classes.
In particular, we began by working out the high-level blocks and correlators of all the
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• affine-Sugawara constructions on simple g
• coset constructions on simple g.
Both results are new, and the results for the cosets are apparently inaccessible by other
methods.
Based on this analysis, we then identified what we believe to be the simplest and
most symmetric class of correlators in ICFT. These are the
• L(g;H)-degenerate processes in H-invariant CFTs on simple g
which are those correlators whose external states have entirely degenerate conformal
weights ∆α = ∆. This class of correlators includes all the affine-Sugawara correlators,
a highly-symmetric subset of coset correlators and a presumably large set of irrational
correlators, examples of which are known.
For this simple class of correlators we were able to find the general expression for the
high-level blocks and non-chiral correlators, and we worked out an irrational example
with octohedral symmetry on SU(3).
Our results emphasize that the L(g;H)-degenerate correlators are a very special class
of correlators indeed, since they have a finite number of conformal blocks (at least in
the semi-classical approximation), whereas the generic correlator in ICFT is expected to
involve an infinite number of blocks. We are intrigued to find that ICFT resembles RCFT
in this simple domain, and we are optimistic that the simplicity of the L(g;H)-degenerate
correlators can provide a foothold for further exploration.
Additional information is needed, however, to go beyond the leading orders of the
L(g;H)-degenerate processes in ICFT. The central question here is whether the number
of conformal blocks remains finite, as we found in the semi-classical approximation, or
increases with the order of k−1. At finite values of the level, one will also need to consider
the roles of the affine cutoff [4,15] and fixed-point resolution [25].
The more immediate open direction is to find the high-level conformal blocks of
irrational correlators beyond the set of L(g;H)-degenerate processes. An ever-increasing
number of blocks is expected here as one confronts the progressively larger symmetry
breakdown of ICFT, signalled by the Lab-broken conformal weights ∆α.
In this direction, we remind the reader of the known singularities of the invariant flat
connections W which govern the exact (finite level) correlators of ICFT. For example, it
is known that [9]
W (u˜, u)α
β =
u˜,u→0
(
u
u˜
)∆α1(T 1)+∆α2 (T 2)−∆β1(T 1)−∆β2(T 2) (2LabT 1a T 2b )αβ
u
(7.1a)
=
{ (2Lab
∞
T 1a T
2
b )α
β
u
+O(k−2) (high k) (7.1b)
(2LabT 1a T
2
b )α
β
u
(L(g;H)-degenerate) (7.1c)
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where u and u˜ are the variables of the theory and its K-conjugate theory respectively.
The result (7.1a) shows the apparently non-Fuchsian α, β dependent shielding factor,
which is hidden in the high-level limit (7.1b), and which simplifies to unity at all levels,
shown in (7.1c), for the L(g;H)-degenerate processes. We believe that this phenomenon
underlies the simplicity of the class of L(g;H)-degenerate processes in ICFT, and it
may be necessary to consider this factor in the physical interpretation of the high-level
logarithmic singularities of correlators beyond the simple class we have considered here.
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Appendix A: Alternate expressions for blocks and correlators
In this appendix, we use the relevant crossing matrices to give alternate expressions for
the conformal blocks and correlators of any set of external states in the affine-Sugawara
constructions (see Section 3) and of any L(g;H)-degenerate process in the more general
H-invariant CFTs (see Section 5).
Affine-Sugawara constructions
We begin with the ρ-channel affine-Sugawara blocks in (3.27),
F (ρ)g (y)mn = v¯(ρ, g)m[1l + 2Labg,∞(T 1a T 2b ln y+ T 1a T 3b ln(1− y))]v(ρ, g)n+O(k−2) . (A.1)
Using the definitions (3.2), (3.15) of the g-invariant ρ-channel eigenvectors v(ρ, g) and
the g-crossing matrices Xg in (3.29c), we have the g-crossing relations,
v¯(ρ, g)m = Xg(ρσ)m
nv¯(σ, g)n , v(ρ, g)
m = v(σ, g)nXg(σρ)n
m . (A.2)
Using these relations, we obtain the alternate form of the affine-Sugawara blocks,
F (ρ)g (y)mn = [1 + (Qg(ρs) − (∆g(T 1) + ∆g(T 2)) · 1) ln y
+ (Qg(ρu) − (∆g(T 1) + ∆g(T 3)) · 1) ln(1− y)]mn +O(k−2)
(A.3)
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where
(1)m
n = δnm , (Q
g
(ρσ))m
n =
{
(∆g(ρ))m
n = ∆g(ρ)(m)δ
n
m , ρ = σ∑
lXg(ρσ)m
l∆g(σ)(l)Xg(σρ)l
n , ρ 6= σ (A.4)
and ∆g(ρ)(m) are the ρ-channel affine-Sugawara conformal weights in (3.2) and (3.15).
We also give the corresponding alternate form of the analytic t-channel affine-Sugawara
blocks (3.23a),
Fˆ (t)g (y)mn = [1 + (Qg(ts) +Qg(tu) − (2∆g(T 1) + ∆g(T 2) + ∆g(T 3)) · 1) ln(−y))
+ (Qg(tu) − (∆g(T 1) + ∆g(T 3)) · 1) ln
(
1− 1
y
)
]m
n +O(k−2)
(A.5a)
= [1− (Qg(tt) + (∆g(T 1)−∆g(T 4)) · 1) ln(−y))
+ (Qg(tu) − (∆g(T 1) + ∆g(T 3)) · 1) ln
(
1− 1
y
)
]m
n +O(k−2)
(A.5b)
where Qg(tσ), σ = s, t, u is given in (A.4). Here, the second form (A.5b) follows from
(A.5a) using the ρ=t form of the conformal weight sum rule,
∆g(ρ) +Xg(ρσ)∆
g
(σ)Xg(σρ) +Xg(ρτ)∆
g
(τ)Xg(τρ) =
(
4∑
i=1
∆g(T i)
)
· 1 , ρ 6= σ 6= τ 6= ρ
(A.6)
which is itself a direct consequence of the g-global Ward identity (3.24).
Substitution of the alternate forms (A.3) of the affine-Sugawara blocks in the ex-
pression (3.37) for the affine-Sugawara correlators then gives the corresponding alternate
form for the non-chiral correlators,
Yg(y
∗, y)α
β =
∑
m,n
[1 + (Qg(ρs) − (∆g(T 1) + ∆g(T 2)) · 1) ln |y|2
+ (Qg(ρu) − (∆g(T 1) + ∆g(T 3)) · 1) ln |1− y|2]mn v(ρ, g)mα v¯(ρ, g)βn +O(k−2)
(A.7)
which explicitly shows the trivial monodromies around y = 0, 1 and ∞.
L(g;H)-degenerate processes
Following the development for the affine-Sugawara constructions above, we may find
similar alternate forms for the blocks and correlators of the general L(g;H)-degenerate
process.
Using the definitions (5.9) of the H-invariant eigenvectors ψ(ρ,H) and the H-crossing
matrices XH in (5.19), we have the H-crossing relations,
ψ¯(ρ,H)M = XH(ρσ)M
N ψ¯(σ,H)N , ψ(ρ,H)
M = ψ(σ,H)NXH(σρ)N
M . (A.8)
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Using these relations in the expressions (5.12b) for the blocks, we obtain the following
alternate form of the L(g;H)-degenerate blocks,
B(ρ)H (y)mM = e(ρ,H)mN [1 + (QH(ρs) − (∆H1 +∆H2 ) · 1) ln y
+ (QH(ρu) − (∆H1 +∆H3 ) · 1) ln(1− y)]NM +O(k−2)
(A.9)
where e(ρ,H) are the ρ-channel embedding matrices (5.12d) and
(1)M
N = δNM , (Q
H
(ρσ))M
N =
{
(∆H(ρ))M
N = ∆H(ρ)(M)δ
N
M , ρ = σ∑
LXH(ρσ)M
L∆H(σ)(L)XH(σρ)L
N , ρ 6= σ
(A.10)
with ∆H(ρ)(M) the ρ-channel conformal weights in (5.9). These results include all the
correlators of the affine-Sugawara constructions and all the L(g; h)-degenerate processes
of the g/h coset constructions.
We also give the corresponding alternate form for the analytic t-channel blocks
(5.13a),
Bˆ(t)H (y)mM = e(t, H)mN [1 + (QH(ts) +QH(tu) − (2∆H1 +∆H2 +∆H3 ) · 1) ln(−y))
+ (QH(tu) − (∆H1 +∆H3 ) · 1) ln
(
1− 1
y
)
]N
M +O(k−2)
(A.11a)
= e(t, H)m
N [1− (QH(tt) + (∆H1 −∆H4 ) · 1) ln(−y))
+ (QH(tu) − (∆H1 +∆H3 ) · 1) ln
(
1− 1
y
)
]N
M +O(k−2)
(A.11b)
where QH(tσ), σ = s, t, u is given in (A.10). Here, the second form (A.11b) follows from
(A.11a) using the ρ =t form of the conformal weight sum rule in L(g;H)-degenerate
processes,
e(ρ,H)[∆H(ρ)+XH(ρσ)∆
H
(σ)XH(σρ) +XH(ρτ)∆
H
(τ)XH(τρ)]
= e(ρ,H)
4∑
i=1
∆Hi , ρ 6= σ 6= τ 6= ρ
(A.12)
which is itself a direct consequence of the g-global Ward identity (5.15).
Finally, we give the corresponding alternate form of the non-chiral correlators (5.25),
using the expression (A.9) for the blocks,
Y (y∗, y) =
∑
M,N
E(ρ,H)M
N [1 + (QH(ρs) − (∆H1 +∆H2 ) · 1) ln |y|2
+ (QH(ρu) − (∆H1 +∆H3 ) · 1) ln |1− y|2]NM +O(k−2)
(A.13)
where
E(ρ,H)M
N =
∑
m
(e(ρ,H)m
M)∗e(ρ,H)m
N . (A.14)
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This form of the correlator explicitly shows the trivial monodromies around y = 0, 1 and
∞.
Appendix B: Comparison with the blocks of Knizhnik and Zamolodchikov
In this appendix, we check our high-level affine-Sugawara blocks (3.12), (3.17) and
(3.23) against the exact blocks obtained in Ref.[4] for the 33¯3¯3 correlator on SU(3).
To find the explicit form of our high-level blocks in this case, we need first the high-
level form of the affine-Sugawara construction on g = SU(3),
Labg,∞ =
1
xψ2g
δab (B.1)
where ψg is the highest root of SU(3), x is the invariant level of affine SU(3) and we
have used the Gell-Mann basis. The matrix irreps of the 3 and 3¯ are given in (6.6) and
the corresponding high-level conformal weights are
∆g(T(3)) = ∆g(T(3¯)) = 4
3x
+O(x−2) . (B.2)
Using the ρ-channel invariants in (6.15a-e) in the eigenvalue problems (3.2a) and (3.15a,b),
we also obtain the high-level intermediate ρ-channel affine-primary conformal weights,
∆g(ρ)(m) =
{
∆g(T(1)) = 0 +O(x−2) , m = V
∆g(T(8)) = 3x +O(x−2) , m = A
, ρ = s, u (B.3a)
∆g(t)(m) =
{
∆g(T(6)) = 103x +O(x−2) , m = 6
∆g(T(3¯)) = 43x +O(x−2) , m = 3¯
(B.3b)
where m = (V,A) labels the vacuum and adjoint representations in the s and u-channels
and m = (6, 3¯) labels the symmetric and antisymmetric representations in the t-channel.
Finally, we use the corresponding crossing matrices (6.15f,g) to compute the matrices
c(ρ, g) in (3.12d), (3.17d) and (3.23d),
c(s, g) = c(u, g) = Xg(su)[∆
g
(u) −
8
3x
· 1]Xg(us) = 1
3x
(
0 −2√2
−2√2 −7
)
(B.4a)
c(t, g) = Xg(tu)[∆
g
(u) −
8
3x
· 1]Xg(ut) = 1
3x
( −5 3√2
3
√
2 −2
)
(B.4b)
where 1 and ∆g(u) are defined in (A.4). With these data we obtain the explicit form of
our high-level blocks for the 33¯3¯3 correlator,
F (s)g (y)mn =
(
1 0
0 1
)
+
1
3x
(−8 0
0 1
)
ln y +
1
3x
(
0 −2√2
−2√2 −7
)
ln(1− y) +O(x−2)
(B.5a)
F (u)g (y)mn = F (s)g (1− y)mn (B.5b)
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Fˆ (t)g (y)mn =
(
1 0
0 1
)
− 1
3x
(
10 0
0 4
)
ln(−y) + 1
3x
( −5 3√2
3
√
2 −2
)
ln
(
1− 1
y
)
+O(x−2)
(B.5c)
where m = (V,A) in (B.5a,b) and m = (6, 3¯) in (B.5c). The relation (B.5b) is in accord
with (3.33c), since T 2 ∼ T 3 in this case.
We wish to check our high-level blocks (B.5) against the exact results obtained by
KZ, who, however, use a different basis for the SU(3)-invariant tensors,
v¯KZ1 (g) = δα1α2δα3α4 , v¯
KZ
2 (g) = δα1α3δα2α4 . (B.6)
Comparing these invariants with our Clebsch basis (6.15a-e) of SU(3)-invariants, we learn
that the basis transformation of our ρ-channel blocks (B.5) to the KZ basis is,
dmF (ρ)g (y)mµ = F (ρ)g (y)mnLnµ , Lnµ =
1
12
(
4 0
−√2 3√2
)
, m = V,A , ρ = s, u
(B.7a)
dmFˆ (t)g (y)mµ = Fˆ (t)g (y)mnMnµ , Mnµ =
1
12
( √
6
√
6
2
√
3 −2√3
)
, m = 6, 3¯ (B.7b)
where µ = 1, 2 labels the KZ invariants, the normalization constants dm are arbitrary
and the blocks F (s,u)g (y)mµ, Fˆ (t)g (y)mµ are the KZ blocks. More explicitly, our prediction
for the high-level analytic KZ blocks is then,
F (s)g (y)mµ =
(
1 0
1 −3
)
+
1
3x
(−8 0
1 −3
)
ln y+
1
3x
(
1 −3
1 21
)
ln(1− y)+O(x−2) (B.8a)
F (u)g (y)mµ = F (s)g (1− y)mµ (B.8b)
Fˆ (t)g (y)mµ =
(
1 1
1 −1
)
− 1
3x
(
10 10
4 −4
)
ln(−y) + 1
3x
(
1 −11
1 5
)
ln
(
1− 1
y
)
+O(x−2)
(B.8c)
where we have chosen the particular values of the normalization constants
dV =
1
3
, dA = − 1
6
√
2
, d6 =
1
2
√
6
, d3¯ =
1
2
√
3
(B.9)
with some pedagogical foresight.
To check that these blocks are precisely the high-level limit of the KZ blocks on SU(3),
we recall the exact form of the s-channel KZ blocks F (s)g (y)mµ on SU(3) [4],
F (s)g (y)V 1 = y−2∆
g(T(3))(1− y)∆g(A)−2∆g(T(3))F (λ,−λ, 1− 3λ; y) (B.10a)
F (s)g (y)V 2 =
1
x
y1−2∆
g(T(3))(1− y)∆g(A)−2∆g(T(3))F (1 + λ, 1− λ, 2− 3λ; y) (B.10b)
F (s)g (y)A1 = y∆
g(A)−2∆g(T(3))(1− y)∆g(A)−2∆g(T(3))F (2λ, 4λ, 1 + 3λ; y) (B.10c)
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F (s)g (y)A2 = −3y∆
g(A)−2∆g(T(3))(1− y)∆g(A)−2∆g(T(3))F (2λ, 4λ, 3λ; y) (B.10d)
∆g(T(3)) = 4
3(x+ 3)
, ∆g(A) = ∆g(T(8)) = 3
x+ 3
, λ =
1
x+ 3
(B.10e)
where m = V,A label the vacuum and adjoint blocks, ∆g(T(3)) is the conformal weight
of the 3, ∆g(A) is the conformal weight of the adjoint representation and F (a, b, c; y) is
the hypergeometric function. Using the high-level expansions,
F
(
a
x+ d
,
b
x+ e
,
c
x+ f
; y
)
= 1− ab
cx
ln(1− y) +O(x−2) (B.11a)
F
(
a
x+ d
,
b
x+ e
, 1 +
c
x+ f
; y
)
= 1 +O(x−2) (B.11b)
F
(
a
x+ d
, 1 +
b
x+ e
, 1 +
c
x+ f
; y
)
= 1− a
x
ln(1− y) +O(x−2) (B.11c)
F
(
1 +
a
x+ d
, 1 +
b
x+ e
, 2 +
c
x+ f
; y
)
= − ln(1− y)
y
+O(x−1) (B.11d)
one finds that the high-level limit of (B.10) agrees precisely with the predicted form
in (B.8a). For the u-channel the check follows the same steps, with the replacement
y → 1− y everywhere.
To continue the s-channel KZ blocks (B.10) to the t-channel, one uses the standard
continuation formula [26]
F (a, b, c; y) =
Γ(c)Γ(b− a)
Γ(b)Γ(c− a)(−y)
−aF (a, 1− c+ a, 1− b+ a; 1
y
)
+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b)(−y)
−bF (b, 1− c+ b, 1− a+ b; 1
y
) , |arg(−y)| < π .
(B.12)
According to the expansions (B.11), the high-level limit of this formula in the cases of
all four blocks in (B.10) is
ln(1− y) = ln(−y) + ln
(
1− 1
y
)
, |arg(−y)| < π (B.13)
and this limit is identical to the first continuation rule (3.20a) used in the text. To
continue the factors in front of the hypergeometric functions, we use the relations
(1− y)α = (−y)α
(
1− 1
y
)α
(B.14a)
yβ = (−y)β exp[−iπβsign(arg(−y))] (B.14b)
which are equivalent, finite forms of the continuation rules (3.20a,b).
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Factoring out the non-analytic phases generated by (B.14b) (which then appear in the
crossing matrices to the t-channel), we find the finite-level form of the analytic t-channel
KZ blocks,
Fˆ (t)g (y)61 = (−y)−∆
g(T(6))
(
1− 1
y
)∆g(A)−2∆g(T(3))
F (4λ, λ, 1 + 2λ;
1
y
) (B.15a)
Fˆ (t)g (y)62 = (−y)−∆
g(T(6))
(
1− 1
y
)∆g(A)−2∆g(T(3))
F (4λ, 1 + λ, 1 + 2λ;
1
y
) (B.15b)
Fˆ (t)g (y)3¯1 = (−y)−∆
g(T(3¯))
(
1− 1
y
)∆g(A)−2∆g(T(3))
F (2λ,−λ, 1− 2λ; 1
y
) (B.15c)
Fˆ (t)g (y)3¯2 = −(−y)−∆
g(T(3¯))
(
1− 1
y
)∆g(A)−2∆g(T(3))
F (2λ, 1− λ, 1− 2λ; 1
y
) (B.15d)
∆g(T(6)) = 10
3(x+ 3)
, ∆g(T(3)) = ∆g(T(3¯)) = 4
3(x+ 3)
, λ =
1
x+ 3
. (B.15e)
The high-level forms of these blocks agree precisely with our prediction (B.5c).
For completeness, we finally give the finite-level forms of the s-channel blocks F (s)g (y)mn
in our Clebsch basis,
F (s)g (y)V V = y−2∆
g(T(3))(1− y)∆g(A)−2∆g(T(3))F (λ,−λ,−3λ; y) (B.16a)
F (s)g (y)V A =
2
√
2λ
3(1− 3λ)y
1−2∆g(T(3))(1− y)∆g(A)−2∆g(T(3))F (1 + λ, 1− λ, 2− 3λ; y) (B.16b)
F (s)g (y)AA = y∆
g(A)−2∆g(T(3))(1− y)∆g(A)−2∆g(T(3))F (2λ, 4λ, 3λ; y) (B.16c)
F (s)g (y)AV =
2
√
2λ
3(1 + 3λ)
y1+∆
g(A)−2∆g(T(3))(1− y)∆g(A)−2∆g(T(3))F (1 + 2λ, 1 + 4λ, 2 + 3λ; y)
(B.16d)
∆g(T(3)) = 4
3(x+ 3)
, ∆g(A) = ∆g(T(8)) = 3
x+ 3
, λ =
1
x+ 3
(B.16e)
which are easily obtained from the s-channel KZ blocks (B.10) and the basis transforma-
tion (B.7a). The basis transformation gives two of these blocks as linear combinations of
two hypergeometric functions, which we have then combined into a single hypergeometric
function using Gauss’ contiguous relations.
The exact blocks (B.16) also show quite explicitly the high-level pattern discussed in
the text for the general affine-Sugawara blocks in our Clebsch basis: the diagonal blocks
begin at order O(k0) with leading singularities which are affine primary states, while the
off-diagonal blocks begin at O(k−1) with leading singularities which are affine secondary
states. Moreover, one sees that the conjectured result (3.14) for the exact conformal
weights of the general blocks is indeed correct in this case.
Appendix C: The level-families SU(3)#M and SU(3)/SU(2)irr
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In this appendix we review [24,17] various results for the unitary irrational level-family
(SU(3)x)
#
M (C.1)
and the closely-related level-family of the coset construction
SU(3)
SU(2)irr
=
SU(3)x
SU(2)4x
(C.2)
both of which occur in the maximally-symmetric ansatz on SU(3). SU(2)irr denotes the
irregularly embedded SU(2) subgroup of SU(3) generated by J2,5,7. The results given
here are used in Section 6 and Appendix D.
In the (Cartesian) Gell-Mann basis (6.6), the maximally-symmetric construction
(SU(3)x)
#
M has the form [24]
Lab =
1
ψ2g
ℓaδab , ℓa =


ℓc a = 3, 8
ℓh a = 2, 5, 7
ℓr a = 1, 4, 6
(C.3a)
T =
1
ψ2g
∗
∗[ℓc(J
2
3 + J
2
8 ) + ℓh(J
2
2 + J
2
5 + J
2
7 ) + ℓr(J
2
1 + J
2
4 + J
2
6 )]
∗
∗ (C.3b)
c = x(2ℓc + 3ℓh + 3ℓr) (C.3c)
where T is the stress tensor, ψg is the highest root of SU(3), x is the affine level and
c is the central charge. The exact form of c is given in (6.2a), but we refer to [24] for
the exactd forms of the coefficients ℓc,h,r. The construction above includes the coset
construction SU(3)/SU(2)irr as a special case when the further symmetry relation
ℓc = ℓr ≡ ℓg/h (C.4)
is obeyed.
SU(3)#M is an H-invariant CFT with symmetry group [17]
H(SU(3)#M) = O = octohedral group ⊂ SU(2)irr (C.5)
where O is the octohedral group (rotational symmetry group of the cube, with order
24) and SU(2)irr is the irregular embedding of SU(2) in SU(3). The octohedral group
includes the elements
Ω(2) = exp(i
π√
ψ2g
J2(0)) , Ω(5) = exp(i
π√
ψ2g
J5(0)) , Ω(7) = exp(i
π√
ψ2g
J7(0)) (C.6)
where Ja(0) are the zero modes of the currents Ja, and in particular we may take the two
elements ω1 and ω2,
ω1 = Ω(2) , ω2 = Ω(5)Ω(7) (C.7)
dThe relation to the notation of Ref.[24] is ℓc = 3λ, ℓh = (L− − L+)/2 and ℓr = (L− + L+)/2.
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which satisfy
ω41 = 1 , ω
3
2 = 1 (C.8a)
ω1ω
2
2ω1 = ω2 , ω1ω2ω1 = ω2ω
2
1ω2 (C.8b)
as the generators of the octohedral group.
The coset construction SU(3)/SU(2)irr has the larger Lie group symmetry
H(SU(3)/SU(2)irr) = SU(2)irr (C.9)
because of the symmetry relation (C.4).
The 3 and 3¯ are L(g;H)-degenerate irreps of SU(3)#M and SU(3)/SU(2)irr with com-
pletely degenerate conformal weights,
∆(T(3)) = ∆(T(3¯)) = c
6x
(3) (C.10)
where the number in parentheses denotes the degeneracy.
For (SU(3)x)
#
M one also finds the L
ab-broken conformal weights of the 8 (adjoint) and
6 (symmetric),
∆(T(8)) =


ℓc +
1
2
(3ℓh + ℓr) (3)
3
2
(ℓh + ℓr) (2)
ℓc +
1
2
(ℓh + 3ℓr) (3)
(C.11a)
∆(T(6)) = ∆(T(6¯)) =


2
3
(2ℓc + 3ℓr) (1)
1
3
ℓc +
3
2
(ℓh + ℓr) (3)
4
3
ℓc +
1
2
(3ℓh + ℓr) (2)
. (C.11b)
These forms show that the 8 and the 6 each split into three subsets of degenerate weights,
in agreement with the block analysis of Section 6.
For SU(3)x/SU(2)4x the splitting is reduced to two subsets,
∆g/h(T(8)) =
{
3
2
(ℓh + ℓg/h) (5)
1
2
(ℓh + 5ℓg/h) (3)
(C.12a)
∆g/h(T(6)) = ∆g/h(T(6¯)) =
{
10
3
ℓg/h (1)
3
2
ℓh +
11
6
ℓg/h (5)
(C.12b)
according to (C.4) and (C.11). These forms are in agreement with the coset block analysis
of Appendix D.
For the computations of Section 6 and Appendix D, we need the high-level forms of
the two constructions,
(SU(3)x)
#
M : ℓr =
1
x
+O(x−2) , ℓc = ℓh = O(x−2) , c = 3 +O(x−1) (C.13a)
SU(3)x
SU(2)4x
: ℓg/h =
1
x
+O(x−2) , ℓh = O(x−2) , c = 5 +O(x−1) (C.13b)
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which can be used with (C.10), (C.11) and (C.12) to obtain the high-level forms of all
the quantities discussed in this appendix.
Appendix D: Blocks and correlators in SU(3)/SU(2)irr
As an explicit example in rational conformal field theory, we work out in this appendix
the high-level conformal blocks and correlators of a particular L(g; h)-degenerate process
in the level-family of the coset construction
g
h
=
SU(3)x
SU(2)4x
=
SU(3)
SU(2)irr
(D.1)
which is included in the family of coset examples (4.38a).
This level-family has the Lie symmetry SU(2)irr, and the 3 and 3¯ representations are
L(SU(3);SU(2)irr)-degenerate.
For the high-level computations in SU(3)/SU(2)irr below, we need the high-level
form of the inverse inertia tensor (in the Gell-Mann basis) and the degenerate conformal
weights,
Labg/h,∞ =
1
xψ2g
θaδab , θa =
{
1 a = 3, 8, 1, 4, 6
0 a = 2, 5, 7
(D.2a)
∆g/h(T(3)) = ∆g/h(T(3¯)) = 5
6x
+O(x−2) (D.2b)
and we will consider here the same process, that is 33¯3¯3, which we studied for the
affine-Sugawara construction and the irrational construction SU(3)#M in Appendix B and
Section 6 respectively.
To compute the high-level blocks in the s-channel, we need to determine the s-channel
eigenvectors ψ(s, SU(2)) from the eigenvalue problem (5.9), which reads in this case,
[− 1
2x
∑
a= 3,8
1,4,6
λ1aλ
2
a +
5
3x
1l]α
β ψ(s, SU(2))Mβ = ∆
g/h
(s) (M)ψ(s, SU(2))
M
α (D.3a)
4∑
i=1
(λia)α
βψ(s, SU(2))Mβ = 0 , a = 2, 5, 7 . (D.3b)
Here we have used the properties (6.6b) of the Gell-Mann matrices, and the global con-
dition (D.3b) enforces the SU(2)irr-invariance of the coset construction.
After some algebra, the following orthonormal set of s-channel eigenvectors is found
ψ(s, SU(2))1α =
1
3
δα1α2δα3α4 , ∆
g/h
(s) (1) = 0 (D.4a)
ψ(s, SU(2))2α =
1
2
√
5
[δα1α3δα2α4 + δα1α4δα2α3 −
2
3
δα1α2δα3α4 ] , ∆
g/h
(s) (2) =
3
2x
(D.4b)
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ψ(s, SU(2))3α =
1
2
√
3
[δα1α3δα2α4 − δα1α4δα2α3 ] , ∆g/h(s) (3) =
5
2x
(D.4c)
ψ¯(s, SU(2))αM = (ψ(s, SU(2))
M
β )
∗ηβα = ψ(s, SU(2))Mα (D.4d)
where the last relation says that the left and right eigenvectors coincide in this case.
The results (D.4) are in agreement with the high-level fusion rule (6.9); in particular,
the conformal weight in (D.4a) corresponds to the vacuum, while the remaining two
weights in (D.4b,c) are the high-level form of the two degenerate subsets of the coset-
broken conformal weights of the adjoint (see eqs.(C.12a) and (C.13b)).
Similarly, we can solve for the u and t-channel eigenvectors, which are given by
ψ(u, SU(2))M = ψ(s, SU(2))M |2↔3 , ∆g/h(u) (M) = ∆g/h(s) (M) (D.5a)
ψ(t, SU(2))M = ψ(s, SU(2))M |2↔4 , ∆g/h(t) (M) =
10
3x
−∆g/h(s) (M) (D.5b)
where 2 ↔ 3 and 2 ↔ 4 mean α2 ↔ α3 and α2 ↔ α4 in the explicit expressions (D.4)
for the s-channel eigenvectors. Since T 2 ∼ T 3, the result in (D.5a) is a special case of
(5.21) and the u-channel conformal weights are identical to those in the s-channel. The
conformal weights of the t-channel,
∆
g/h
(t) (M) = (
10
3x
,
11
6x
,
5
6x
) (D.6)
are also in agreement with the coset-broken conformal weights of the high-level fusion
rule (6.12). In particular, the last value is the completely degenerate conformal weight
of the 3¯ and the first two coincide with the two degenerate subsets (C.12b) of the 6,
according to the high-level form (C.13b).
Using (5.19b), the SU(2)-crossing matrices are computed from the eigenvectors as
XSU(2)(us)M
N = ψ(u, SU(2))Mψ(s, SU(2))N =
1
6


2 2
√
5 2
√
3
2
√
5 1 −√15
2
√
3 −√15 3

 (D.7a)
XSU(2)(ts)M
N = ψ(t, SU(2))Mψ(s, SU(2))N =
1
6


2 2
√
5 −2√3
2
√
5 1
√
15
−2√3 √15 3

 (D.7b)
which are orthogonal and idempotent matrices in this case. The third crossing matrix
XSU(2)(ut) = XSU(2)(us)XSU(2)(ts) follows from the consistency relations (5.20).
Finally, we use the SU(3) eigenvectors (6.15) and the alternate expression (A.9) for
the general L(g;H)-degenerate blocks to write down the 6 s-channel coset blocks of the
33¯3¯3 correlator in SU(3)/SU(2)irr,
C(s)g/h(y)mM = e(s, g/h)mN [1 + (∆g/h(s) −
5
3x
· 1) ln y+ (Qg/h(su)−
5
3x
· 1) ln(1− y)]NM +O(x−2)
(D.8)
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where (1)N
M = δMN and
e(s, g/h)m
M = v(s, SU(3))mψ(s, SU(2))M =
(
1 0 0
0 1
4
√
10 1
4
√
6
)
(D.9a)
(∆
g/h
(s) )N
M = ∆
g/h
(s) (M)δ
M
N , ∆
g/h
(s) (M) = ∆
g/h
(u) (M) = (0,
3
2x
,
5
2x
) (D.9b)
(Q
g/h
(su))N
M =
∑
L
XSU(2)(us)N
L∆
g/h
(u) (L)XSU(2)(us)L
M =
1
12x


20 −4√5 0
−4√5 13 −3√15
0 −3√15 15

 .
(D.9c)
The u and t-channel blocks can be computed from the s-channel blocks above using
the crossing relation (5.19a) and the explicit forms of the crossing matrices XSU(3)(us),
XSU(3)(ts) in (6.15) and XSU(2)(us), XSU(2)(ts) in (D.7). Moreover, using the explicit form
of the non-analytic phase matrix (5.13e) for this process,
Ug/h(y)M
N =
∑
L
XSU(2)(ts)M
L exp
(
−πi[∆g/h(s) (L)−
5
3x
]sign(arg(−y))
)
XSU(2)(ts)L
N
(D.10)
+O(x−2)
the analytic t-channel blocks follow from the crossing relation (5.24f)
Using (5.16a,d) we obtain the following limiting behavior as y → 0 for the 6 s-channel
blocks (D.8) of this correlator,
C(s)g/h(y)mM ∼y→0 Γ
(s)
g/h(m,M)y
∆
g/h
(s)
(m,M)−5/3x
+O(x−2) , m = V,A , M = 1, 2, 3
(D.11a)
∆
g/h
(s) (V, 1) = 0 +O(x−2) , ∆g/h(s) (A, 2) =
3
2x
+O(x−2) , ∆g/h(s) (A, 3) =
5
2x
+O(x−2)
(D.11b)
∆
g/h
(s) (V, 2) = 1 +O(x−1) , ∆O(s)(A, 1) = 1 +O(x−1) (D.11c)
∆O(s)(V, 3) = O(x0) (D.11d)
Γ
(s)
g/h(m,M) =
(
1 1
3x
√
5 0
5
12x
√
2 1
4
√
10 1
4
√
6
)
+O(x−2) . (D.11e)
The explicit form of the residues was obtained using (5.16d), the embedding matrix
(D.9a) and the relation c(s, h) = Q
g/h
(su) − 53x · 1.
The three conformal weights in (D.11b) are broken affine primary states and the two in
(D.11c) are broken affine secondary states which are not necessarily integer descendants
of broken affine primary states. The conformal weight in (D.11d) cannot be determined
through this order because the residue of the corresponding block Cg/h(y)V 3, and the block
itself, is zero through order O(x−1), so this block begins at O(x−2). To see this directly
from (D.8) note that for this block e(s, g/h)m
M = 0 and e(s, g/h)m
N (Q
g/h
(su))N
M = 0. We
also find one block which begins at O(x−2) in the u-channel and in the t-channel.
51
In accord with (4.19), the number of blocks in this process is
BSU(3)/SU(2) = 2 · 3 = 6 (D.12)
while the same process under the affine-Sugawara construction on SU(3) and the irra-
tional construction SU(3)#M showed 4 and 8 blocks respectively. This is in accord with the
double inequality (5.18) and the increasing symmetry breakdown O ⊂ SU(2)irr ⊂ SU(3)
of the three constructions.
Using eqs.(A.13), (A.14), we also find the following expression for the high-level non-
chiral correlators of SU(3)/SU(2)irr,
Yg/h(y
∗, y)=
∑
M
E(s, g/h)M
M [1+(∆
g/h
(s) −
5
3x
·1) ln |y|2+(∆g/h(s) −
5
3x
·1) ln |1−y|2]MM+O(x−2)
(D.13a)
E(s, g/h)M
N =
∑
m
(e(s, g/h)m
M)∗e(s, g/h)m
N =


1 0 0
0 5
8
1
8
√
15
0 1
8
√
15 3
8

 (D.13b)
where we have used XSU(2)(us)E(s, g/h)XSU(2)(us) = E(s, g/h) and where the diagonal
s-channel conformal weight matrix ∆
g/h
(s) is given in (D.9b). This result explicitly shows
the crossing symmetry (5.29), as it should since T 2 ∼ T 3 in this case.
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